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Abstract 

We review the present state of knowledge regarding the transverse polarisation (or 
transversity) distributions of quarks. After some generalities on transverse polari- 
sation, we formally define the transversity distributions within the framework of a 
classification of all leading-twist distribution functions. We describe the QCD evolu- 
tion of transversity at leading and next-to-leading order. A comprehensive treatment 
of non-perturbative calculations of transversity distributions (within the framework 
of quark models, lattice QCD and QCD sum rules) is presented. The phenomenology 
of transversity (in particular, in Drell-Yan processes and semi-inclusive leptopro- 
duction) is discussed in some detail. Finally, the prospects for future measurements 
are outlined. 
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1 Introduction 

There has been, in the past, a common prejudice that all transverse spin 
effects should be suppressed at high energies. While there is some basis to 
such a belief, it is far from the entire truth and is certainly misleading as 
a general statement. The main point to bear in mind is the distinction be- 
tween transverse polarisation itself and its measurable effects. As well-known, 
even the ultra-relativistic electrons and positrons of the LEP storage ring are 
significantly polarised in the transverse plane [1] due to the Sokolov-Ternov 
effect [2]. Thus, the real problem is to identify processes sensitive to such 
polarisation: while this is not always easy, it is certainly not impossible. 

Historically, the first extensive discussion of transverse spin effects in high- 
energy hadronic physics followed the discovery in 1976 that A° hyperons pro- 
duced in pN interactions even at relatively high pt exhibit an anomalously 
large transverse polarisation [3] . ^ This result implies a non-zero imaginary 
part of the off-diagonal elements of the fragmentation matrix of quarks into 
A*' hyperons. It was soon pointed out that this is forbidden in leading-twist 
quantum chromodynamics (QCD), and arises only as a C(1/pt) effect [6-8]. 
It thus took a while to fully realise that transverse spin phenomena are some- 
times unsuppressed and observable. ^ 

The subject of this report is the transverse polarisation of quarks. This 
is an elusive and difficult to observe property that has escaped the attention 
of physicists for many years. Transverse polarisation of quarks is not, in fact, 
probed in the cleanest hard process, namely deeply- inelastic scattering (DIS), 
but is measurable in other hard reactions, such as semi-inclusive leptoproduc- 
tion or Drell-Yan dimuon production. 

At leading-twist level, the quark structure of hadrons is described by 
three distribution functions: the number density, or unpolariscd distribution, 
f{x)] the longitudinal polarisation, or helicity, distribution Af{x); and the 
transverse polarisation, or transversity, distribution Ar/(x). 

The first two are well-known quantities: f{x) is the probability of finding 
a quark with a fraction x of the longitudinal momentum of the parent hadron, 
regardless of its spin orientation; Af{x) measures the net helicity of a quark in 
a longitudinally polarised hadron, that is, the number density of quarks with 
momentum fraction x and spin parallel to that of the hadron minus the number 
density of quarks with the same momentum fraction but spin antiparallel. If 
we call f±{x) the number densities of quarks with helicity ±1, then we have 

^ An issue related to hadronic transverse spin, and investigated theoretically in the 
same period, is the 52 spin structure function [4,5]; we shall discuss its relation to 

transversity later. 

^ This was pointed out in the pioneering paper of Ralston and Soper [9] on lon- 
gitudinally and transversely polarised Drell-Yan processes, but the idea remained 
almost unnoticed for a decade, see below. 
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f{x) = U{x) + f.{x), 



(1.0.1a) 
(1.0.1b) 



The third distribution function, Arfix), although less familiar, also has a 
very simple meaning. In a transversely polarised hadron Axfix) is the number 

density of quarks with momentum fraction x and polarisation parallel to that 
of the hadron, minus the number density of quarks with the same momentum 
fraction and antiparallel polarisation, i.e.,^ 



In a basis of transverse polarisation states A-rf too has a probabilistic inter- 
pretation. In the helicity basis, in contrast, it has no simple meaning, being 
related to an off-diagonal quark-hadron amplitude. 

Formally, quark distribution functions are light-cone Fourier transforms 
of connected matrix elements of certain quark-field bilinears. In particular, as 
we shall see in detail (see Sec. 4.2), Axf is given by (we take a hadron moving 
in the z direction and polarised along the x-axis) 



At/(x) = e-^"^-(P5|V;(0)ia^+75V'(0,r,Ox)|P5) ■ (1-0.3) 



In the parton model the quark fields appearing in (1.0.3) are free fields. In QCD 
they must be renormalised (see Sec. 5.1). This introduces a renormalisation- 
scale dependence into the parton distributions: 



fix) , Af{x) , At fix) ^ fix, f,') , Afix, fx') , At fix, fx') , (1.0.4) 



which is governed by the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi [10-13] 
(DGLAP) equations (see Sec. 5). 

It is important to appreciate that At fix) is a leading-twist quantity. 
Hence it enjoys the same status as fix) and Afix) and, a priori, there is no 
reason that it should be much smaller than its helicity counterpart. In fact, 
model calculations show that At/(x) and Afix) are typically of the same 
order of magnitude, at least at low Q^, where model pictures hold (see Sec. 8). 

The QCD evolution of ATfix) and Afix) is, however, quite different 
(see Sec. 5.4). In particular, at low x, ATfix) turns out to be suppressed with 
respect to Afix). As we shall see, this behaviour has important consequences 
for some observables. Another pecuharity of At/(x) is that it has no gluonic 
counterpart (in spin-| hadrons): gluon transvcrsity distributions for nuclcons 
do not exist (Sec. 4.5). Thus ATfix) does not mix with gluons in its evolution, 
and evolves as a non-singlet quantity. 

One may wonder why the transverse polarisation distributions are so lit- 
tle known, if they are quantitatively comparable to the helicity distributions. 

^ Throughout this paper the subscripts ± will denote helicity whereas the subscripts 
tl will denote transverse polarisation. 



ATfix) ^ f^ix) - f^ix) . 



(1.0.2) 
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(a) (b) 

Fig. 1. (a) Representation of the chirally-odd distribution Axfix). (b) A handbag 
diagram forbidden by chirahty conservation. 

No experimental information on At/(x) is indeed available at present (see, 
however, Sec. 9.2.2, where mention is made of some preliminary data on pion 
leptopro duct ion that might involve At/(x)). The reason has already been 
mentioned: transversity distributions are not observable in fully inclusive DIS, 
the process that has provided most of the information on the other distribu- 
tions. Examining the operator structure in (1.0.3) one can see that A^flx), in 
contrast to /(x) and Af{x), which contain 7+ and 7"*" 75 instead of icr"'^"'"75, is a 
chirally-odd quantity (see Fig. la). Now, fully inclusive DIS proceeds via the 
so-called handbag diagram which cannot flip the chirality of the probed quark 
(see Fig. lb). In order to measure A^/ the chirality must be flipped twice, so 
one needs either two hadrons in the initial state (hadron-hadron collisions), 
or one hadron in the initial state and one in the final state (semi-inclusive 
leptoproduction), and at least one of these two hadrons must be transversely 
polarised. The experimental study of these processes has just started and will 
provide in the near future a great wealth of data (Sec. 9). 

So far we have discussed the distributions f{x), Af{x) and A^fix). 
If quarks are perfectly collinear, these three quantities exhaust the infor- 
mation on the internal dynamics of hadrons. If we admit instead a finite 
quark transverse momentum k±, the number of distribution functions in- 
creases (Sec. 4.7). At leading twist, assuming time-reversal invariance, there 
are six fc^-dependent distributions. Three of them, called in the Jaffe-Ji- 
Mulders classification scheme [14,15] fi{x, k\), 5'il(x, k^) and hi{x, k\), upon 
integration over k\, yield f{x), Af{x) and Ar/(x), respectively. The remain- 
ing three distributions are new and disappear when the hadronic tensor is 
integrated over k±, as is the case in DIS. Mulders has called them girix, k'jj, 
hii^lxjk^) and h^rplx, k^). If time-reversal invariance is not applied (for the 
physical motivation behind this, see Sec. 4.8), two more, T-odd, fcj_-dependent 
distribution functions appear [16]: f^{x,k\) and hj;{x,k\). At present the 
existence of these distributions is merely conjectural. 

To summarise, here is an overall list of the leading-twist quark distribution 
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functions: 

no k± fcx-cicpcndent 

/ ^ . ^ 

f , , At/ , giT , h^L , ^ir , fir , . 

^ V ' 

T-odd 

At higher twist the prohferation of distribution functions continues [14, 
15]. Although, for the sake of completeness, we shall also briefly discuss the 
fc^-dcpcndcnt and the twist-three distributions, most of our attention will 
be directed to Arfix). Less space will be dedicated to the other transverse 
polarisation distributions, many of which have, at present, only an academic 
interest. 

In hadron production processes, which, as mentioned above, play an im- 
portant role in the study of transversity, there appear other dynamical quan- 
tities: fragmentation functions. These are in a sense specular to distribution 
functions, and represent the probability for a quark in a given polarisation 
state to fragment into a hadron carrying some momentum fraction z. When 
the quark is transversely polarised and so too is the produced hadron, the pro- 
cess is described by the leading- twist fragmentation function AtD{z), which 
is the analogue of ATf{x) (see Sec. 6.3). A T-odd fragmentation function, usu- 
ally called Hi{z), describes instead the production of unpolarised (or spin- 
less) hadrons from transversely polarised quarks, and couples to ATf{x) in 
certain semi-inclusive processes of great relevance for the phenomenology of 
transversity (the emergence of Aj^f via its coupling to is known as the 
Collins effect [17]). The fragmentation of transversely polarised quarks will be 
described in detail in Sec. 6 and Sec. 7. 

1.1 History 

The transverse polarisation distributions were first introduced in 1979 
by Ralston and Soper in their seminal work on Drell-Yan production with 
polarised beams [9]. In that paper ATf{x) was called hrix). This quantity was 
apparently forgotten for about a decade, until the beginning of nineties, when 
it was rediscovered by Artru and Mekhfi [18], who called it Aiq{x) and studied 
its QCD evolution, and also by Jaffe and Ji [14, 19], who renamed it hi{x) 
in the framework of a general classification of all leading-twist and higher- 
twist parton distribution functions. At about the same time, other important 
studies of the transverse polarisation distributions exploring the possibility 
of measuring them in hadron-hadron or lepton-hadron collisions were carried 
out by Cortes, Pire and Ralston [20], and by Ji [21]. 

The last few years have witnessed a great revival of interest in the trans- 
verse polarisation distributions. A major effort has been devoted to investi- 
gating their structure using more and more sophisticated model calculations 
and other non-perturbative tools (QCD sum rules, lattice QCD etc.). Their 
QCD evolution has been calculated up to next-to-leading order (NLO). The 
related phenomenology has been explored in detail: many suggestions for mea- 



8 



suring (or at least detecting) transverse polarisation distributions have been 
put forward and a number of predictions for observables containing AtJ are 
now available. We can say that our theoretical knowledge of the transversity 
distributions is by now nearly comparable to that of the helicity distributions. 
What is really called for is an experimental study of the subject. 

On the experimental side, in fact, the history of transverse polarisa- 
tion distributions is readily summarised: (almost) no measurements of A^/ 
have been performed as yet. Probing quark transverse polarisation is among 
the goals of a number of ongoing or future experiments. At the Relativistic 
Heavy Ion CoUider (RHIC) Axf can be extracted from the measurement of 
the double-spin transverse asymmetry in Drell-Yan dimuon production with 
two transversely polarised hadron beams [22] (Sec. 10.2). Another important 
class of reactions that can probe transverse polarisation distributions is semi- 
inclusive DIS. The HERMES collaboration at HERA [23] and the SMC collab- 
oration at CERN [24] have recently presented results on single-spin transverse 
asymmetries, which could be related to the transverse polarisation distribu- 
tions via the hypothetical Collins mechanism [17] (Sec. 9.2.2). The study of 
transversity in semi-inclusive DIS is one of the aims of the upgraded HER- 
MES experiment and of the COMPASS experiment at the CERN SPS coUider, 
which started taking data in 2001 [25]. It also represents a significant part of 
other projects (see Sec. 10.1). We may therefore say that the experimental 
study of transverse polarisation distributions, which is right now only at the 
very beginning, promises to have an exciting future. 

1.2 Notation and terminology 

Transverse polarisation of quarks is a relatively young and still unsettled 
subject, hence it is not surprising that the terminology is rather confused. 
Notation that has been used in the past for the transverse polarisation of 
quarks comprises 

hrix) (Ralston & Soper), 

Aiq{x) (Artru & Mekhfi), 

hi{x) (Jaffe & Ji), 

The first two forms are now obsolete while the third is still widely employed. 
This last was introduced by Jaffe and Ji in their classification of all twist- 
two, twist-three and twist-four parton distribution functions. In the Jaffe- 
Ji scheme, fi{x), gi{x) and hi{x) are the unpolarised, longitudinally po- 
larised and transversely polarised distribution functions, respectively, with the 
subscript 1 denoting leading-twist quantities. The main disadvantage of this 
nomenclature is the use of gi to denote a leading-twist distribution function 
whereas the same notation is universally adopted for one of the two polarised 
structure functions. This is a serious source of confusion. In the most recent 
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literature the transverse polarisation distributions are often called 



6q{x) or ATq{x) . 



Both forms appear quite natural as they emphasise the parallel between the 
longitudinal and the transverse polarisation distributions. 

In this report we shall use A^/, or A^g, to denote the transverse polar- 
isation distributions, reserving Sq for the tensor charge (the first moment of 



The Jaffe-Ji classification scheme has been extended by Mulders and col- 
laborators [15, 16] to all twist-two and twist-three fc_L-dependent distribution 
functions. The letters /, g and h denote unpolarised, longitudinally polarised, 
and transversely polarised quark distributions, respectively. A subscript 1 la- 
bels the leading-twist quantities. Subscripts L and T indicate that the parent 
hadron is longitudinally or transversely polarised. Finally, a superscript _L sig- 
nals the presence of transverse momenta with uncontracted Lorentz indices. 

In the present paper we adopt a hybrid terminology. We use the tradi- 
tional notation for the fe^-integrated distribution functions: f{x), or q{x), for 
the number density, Af{x), or Aq{x), for the helicity distributions, At/(x), 
or Arqix), for the transverse polarisation distributions, and Mulders' notation 
for the additional fc_L-dependent distribution functions: gir, hiL, hij^, and 
hi. 

We make the same choice for the fragmentation functions. We call the 
K^-integrated fragmentation functions D{z) (unpolarised), AD{z) (longitudi- 
nally polarised) and AtD{z) (transversely polarised). For the /«_L-dependent 
functions we use Mulders' terminology. 

Occasionally, other notation will be introduced, for the sake of clarity, or 
to maintain contact with the literature on the subject. In particular, we shall 
follow these rules: 

• the subscripts 0,L,T in the distribution and fragmentation functions de- 
note the polarisation state of the quark (0 indicates unpolarised, and the 
subscript L is actually omitted in the familiar helicity distribution and frag- 
mentation functions); 

• the superscripts 0, L, T denote the polarisation state of the parent hadron. 
Thus, for instance, AJf^f represents the distribution function of transversely 
polarised quarks in a longitudinally polarised hadron (it is related to Mulders' 
hiii). The Jaffe-Ji~Mulders terminology is compared to ours in Table 1. The 
correspondence with other notation encountered in the literature [26, 27] is 



Finally, we recall that the name transversity, as a synonym for transverse 
polarisation, was proposed by Jaffe and Ji [19]. In [28,29] it was noted that 



Arq). 
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"transversity" is a pre-existing term in spin physics, with a different meaning, 
and that its use therefore in a different context might cause confusion. In this 
report we shall ignore this problem, and use both terms, "transverse polari- 
sation distributions" and "transversity distributions" with the same meaning. 



Table 1 

Notation for the distribution and the 
Jaffe-Ji-Mulders classification. 



Distribution functions 



JJM 


This paper 


/i 


f,q 


91 


A/, Aq 


hi 


At/, Arq 


giT 


giT 






h^ 


"it 


frr 


/i-^T, A^/ 


hi 


hi, A%f 



igmentation functions (JJM denotes the 



Fragmentation functions 



JJM This paper 

Di D 

Gi AD 

Hi AtD 

Git Git 

F7-L 

^IT -"IT 

-^IT -^IT 

Hi Hi, A^D 



1.3 Conventions 

We now list some further conventions adopted throughout the paper. 
The metric tensor is 

g'''' = g^. = diag(+l, -1, -1, -1) . (1.3.1) 

The totally antisymmetric tensor e'^'^P'^ is normalised so that 

e''^'^ -8012,^+1. (1.3.2) 

A generic four-vector is written, in Cartesian contravariant components, 
as 

A" = (A°, A\ A^, A^) = (A°, A) , (1.3.3) 
The hght-cone components of A^^ are defined as 

A^ = f^{A' ± A') , (1.3.4) 

and in these components A^^ is written as 

A^ ^{A+,A-,A^). (1.3.5) 
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The norm of A'^ is given by 

A" = (^0)' -A^ = 2A+A- - Al , (1.3.6) 

and the scalar product of two four- vectors A^^ and is 

A-B = A°B° - A B = A+B- + A'B^ - A^ B^ . (1.3.7) 

Our fermionic states are normahsed as 

(pIp') = {27,f2E5\p-p') = {2nf2p+6{p+-p'^)6{p^-p'^), (1.3.8) 

uip,s)-f>'u{p,s') = 2p>'Sss', (1.3.9) 
with E = {p^ + m^)^/^. The creation and annihilation operators satisfy the 
anticommutator relations 

{6(p, s), b\p', s')} = {d(p, s), Sip', s')} = (27r)^ 2E5ss' 5'(p - p') . (1.3.10) 
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2 Longitudinal and transverse poleirisation 



The representations of the Poincare group are labelled by the eigenval- 
ues of two Casimir operators, and W"^ (see e.g., [30]). is the energy- 
momentum operator, is the Pauli-Lubanski operator, constructed from 
and the angular-momentum operator J^'^ 

1^/^ = -l£/^-p-J,pP,. (2.0.1) 

The eigenvalues of P^ and W"^ are and —s{s + l)m^ respectively, where m 
is the mass of the particle and s its spin. 

The states of a Dirac particle (s = 1/2) are eigenvectors of and of the 
polarisation operator U = —W-s/m 

P^'\p,s)^lf\p,s) , (2.0.2) 

W-s 1 

|p,«) = ±ib,«), (2.0.3) 



m 2 

where s'^ is the spin (or polarisation) vector of the particle, with the properties 

= s-p = 0. (2.0.4) 

In general, s'^ may be written as 

s>'=(E:lL,„+JfIl>P], (2.0.5) 
\ m m[m +p") J 

where n is a unit vector identifying a generic space direction. 
The polarisation operator U can be re-expressed as 

n = ^75^^, (2.0.6) 
and if we write the plane- wave solutions of the free Dirac equation in the form 



ip{x) = < 



e 'P'^ u{p) (positive energy), 
Q+ip-x y^-j (negative energy). 



(2.0.7) 



with the condition p° > 0, 11 becomes 

n = -|-|75^ (positive-energy states), (2.0.8a) 

when acting on positive-energy states, (^ — m) u(p) — 0, and 

n = — ^75^ (negative-energy states) , (2.0.8b) 
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when acting on negative-energy states, + m) v{p) = 0. Thus the eigenvalue 
equations for the polarisation operator read {a — 1,2) 



n = +i 75 ^ U(^a) = ± I ^(a) (positive energy), 
n v^a) = 75 ^ ""C") = =t i ^(«) (negative energy). 



(2.0.9) 



Let us consider now particles that are at rest in a given frame. The spin 
is then (set p = in eq. (2.0.5)) 



s'^ = (0,n), 

and in the Dirac representation we have the operator 

175/ = 



(2.0.10) 




(2.0.11) 



acting on 







(2.0.12) 



\X{a) 



Hence, the spinors and ^^(i) represent particles with spin |cr-n = +| in 
their rest frame whereas the spinors U(2) and ^(2) represent particles with spin 
|cr-n = — I in their rest frame. Note that the polarisation operator in the 
form (2.0.8a, b) is also well defined for massless particles. 

2. 1 Longitudinal polarisation 

For a longitudinally polarised particle (n = p/|p|), the spin vector reads 

(2.1.1) 



\P\ P P 



and the polarisation operator becomes the helicity operator 



n 



2|p|' 



(2.1.2) 



with S = 757°7. Consistently with eq. (2.0.7), the helicity states satisfy the 
equations 



\P\ 



u±{p) = ±u±{p) , 
v±ip) = T'y±(p) ■ 



(2.1.3) 



14 



Here the subscript + indicates positive helicity, that is spin parallel to the 
momentum > for positive-energy states, S-p < for negative-energy 

states); the subscript — indicates negative helicity, that is spin antiparallel to 
the momentum (S-p < for positive-energy states, S-p > for negative- 
energy states). The correspondence with the spinors U(^a) and V(^a) previously 
introduced is: u+ = U- = U(2), 'y+ = '^(2), V- — i'(i). 
In the case of massless particles one has 

n = || = h.. (2.1.4) 

Denoting again by u±, v± the helicity eigenstates, eqs. (2.1.3) become for zero- 
mass particles 

75'«±(p) = ±u±{p) , 
75^'±(p) = Tv±{p) . 

Thus helicity coincides with chirality for positive-energy states, while it is 
opposite to chirality for negative-energy states. The helicity projectors for 
massless particles are then 

(1 ± 75) positive-energy states, 
I (1 T 75) negative-energy states. 



(2.1.5) 



2.2 Transverse polarisation 



Let us come now to the case of transversely polarised particles. With 
n p — and assuming that the particle moves along the z direction, the spin 
vector (2.0.5) becomes, in Cartesian components 

s^ = s>i = (0,n^,0), (2.2.1) 

where n± is a transverse two-vector. The polarisation operator takes the form 

^ _\-ll5j±n±= i7oS±-n_L (positive-energy states), ^2 2 2) 
[ \j5'y±-n± = -\jo^±-n± (negative-energy states), 

and its eigenvalue equations are 

i 11^1 = -I- i ■?/* 1 

(2.2.3) 



i 75 MTi = ± I «Ti ' 



1 75 h ^Ti = T i v^i . 
The transverse polarisation projectors along the directions x and y are 



l\ '''' ' (2.2.4) 
(y) 1 , o s V ; 
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for positive-energy states, and 

t^^*'^-''^^'- (2.2.5) 

for negative-energy states. 

The relations between transverse polarisation states and helicity states 
are (for positive-energy wave functions) 



2.3 Spin density matrix 

The spinor u{p, s) for a particle with polarisation vector s'^ satisfies 

u{p, s) u{p, s) = + m) i(l + 75^) . (2.3.1) 
If the particle is at rest, then s'^ — (0, s) — (0, s±, A) and (2.3.1) gives 



2m 



u{p,s)uip,s)^ I 2(1 + ^-*) I _ (2.3.2) 



Here one recognises the spin density matrix for a spin-half particle 

p=i(l + o-s). (2.3.3) 

This matrix provides a general description of the spin structure of a system 
that is also valid when the system is not in a pure state. The polarisation 
three- vector s = {\,s±) is, in general, such that < 1: in particular, 5^ = 1 
for pure states and < 1 for mixtures. Explicitly, p reads 



^ 1 + X s^- isy 



Sx ~\~ iSy 1 — A 



(2.3.4) 



The entries of the spin density matrix have an obvious probabilistic interpre- 
tation. If we call Pm{n) the probability that the spin component in the n 
direction is m, we can write 

A = Pi/2(i)-P_i/2(i), 

s,^Pi/2ix)-P-i/2ix), (2.3.5) 



16 



In the high-energy hmit the polarisation vector is 

s^'^X^ + sl, (2.3.6) 
m 

where A is (twice) the hehcity of the particle. Thus we have 

(1 + 75^) (m ± ^) = (1 ± A75 + 75^^) {m±p), (2.3.7) 

and the projector (2.3.1) becomes (with m — > 0) 

uip, s) u{p, s) = 1^ (1 - A75 + 75^^) ■ (2.3.8) 

If ux{p) are helicity spinors, calling pxy the elements of the spin density matrix, 
one has 

(1 - A75 + 75/_l) = paa' ux'{p) ux{p), (2.3.9) 
where the r.h.s. is a trace in helicity space. 
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Fig. 2. Deeply-inelastic scattering. 



3 Quark distributions in DIS 

Although the transverse polarisation distributions cannot be probed in 
fully inclusive DIS for the reasons mentioned in the Introduction, it is con- 
venient to start from this process to illustrate the field-theoretical definitions 
of quark (and antiquark) distribution functions. In this manner, we shall see 
why the transversity distributions Ay/ decouple from DIS even when quark 
masses are taken into account (which would in principle allow chirality-flip 
distributions). We start by reviewing some well-known features of DIS (for an 
exhaustive treatment of the subject see e.g., [31]). 

3.1 Deeply-inelastic scattering 

Consider inclusive lepton-nucleon scattering (see Fig. 2, where the dom- 
inance of one-photon exchange is assumed) 

m + N{P)-^l'{i') +X(Px), (3.1.1) 

where X is an undetected hadronic system (in brackets we put the four- 
momenta of the particles). Our notation is as follows: M is the nucleon mass, 
me the lepton mass, se{s'g) the spin four- vector of the incoming (outgoing) lep- 
ton, S the spin four-vector of the nucleon, while £ = {E,i), and £' = {E',i') 
are the lepton four-momenta. 

Two kinematic variables (besides the centre-of-mass energy s = {i + Py, 
or, alternatively, the lepton beam energy E) are needed to describe reaction 
(3.1.1). They can be chosen among the following invariants (unless otherwise 
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stated, we neglect lepton masses): 



^2 ^ (£ - ef = -2EE'{1 - cosi?) , 
P-q 

V — (the lab- frame photon energy), 

^ ^ 2^ ^ 2^ ^^^^ Bjorken variable), 

y = -p-^ (the inelasticity), 

where d is the scattering angle. The photon momentum g is a spacelike four- 
vector and one usually introduces the positive quantity = —(f'- Both the 
Bjorken variable x and the inelasticity y take on values between and 1. They 
are related to by xy — Q'^/{s — M^). 
The DIS cross-section is 

where the leptonic tensor L^^, is defined as (lepton masses are retained here) 

r 1 * r 

= Tr [(/ + mi) i(l + 7^ (/' + mi) 7,] . (3.1.3) 
and the hadronic tensor W^'' is 



1 ^ r d^Pj 

i27r)^2Ex 

X {PS\J^'{0)\X){X\r{0)\PS) . (3.1.4) 



1 r r\^P 



Using translational invariance this can be also written as 

W''"^^ [ d^^ e'«-^ {PS\J''{Or{0)\PS) . (3.1.5) 

It is important to recall that the matrix elements in (3.1.5) are connected. 
Therefore, vacuum transitions of the form (0| J'' (^) 7^^(0)10) {PS\PS) are ex- 
cluded. 

Note that in (3.1.3) and (3.1.4) we summed over the final lepton spin 

but did not average over the initial lepton spin, nor sum over the hadron 
spin. Thus we are describing, in general, the scattering of polarised leptons on 
a polarised target, with no measurement of the outgoing lepton polarisation 
(for comprehensive reviews on polarised DIS see [29,32,33]). 
In the target rest frame, where £-P — ME, (3.1.2) reads 

da E' 

- L^uW^\ (3.1.6) 



dE' dn 2M(54 E 
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where dfi = dcos?9 dip. 

The leptonic tensor L^j^ can be decomposed into a symmetric and an 
antisymmetric part under n ^ u interchange 



L,,^LfJ{£J')+iLl^\i,si;e'), 
and, computing the trace in (3.1.3), we obtain 

If the incoming lepton is longitudinally polarised, its spin vector is 



and (3.1.8b) becomes 



mi 



(3.1.7) 

(3.1.8a) 
(3.1.8b) 

(3.1.9) 

(3.1.10) 



Note that the lepton mass mi appearing in (3.1.8b) has been cancelled by the 
denominator of (3.1.9). In contrast, if the lepton is transversely polarised, that 
is sf = -sj^, no such cancellation occurs and the process is suppressed by a fac- 
tor mi j E. In what follows we shall consider only unpolarised or longitudinally 
polarised lepton beams. 

The hadronic tensor W^^, can be split as 



W,,^Wl^\q,P) + iWl,t\q;P,S), 



(3.1.11) 



where the symmetric and the antisymmetric parts are expressed in terms of 
two pairs of structure functions, Fi, F2 and Gi, G2, as 



1 



+ 



1 



2M '^^ '^IJ-l^pcr 



M2 _ 

q''\MS''G,{P-q,q') 



Pv 9 qv 



P-qS'^-S-qP'^ G2{P-q,q')\. 



W2{P-q,q'), (3.1.12a) 



(3.1.12b) 



Eqs. (3.1.12a, b) are the most general expressions compatible with the require- 
ment of gauge invariance, which implies 



q^W^'' = = q^W^"". 
Using (3.1.7, 3.1.11) the cross-section (3.1.6) becomes 
da 



^2 

em 



a- E' 



dE' dO. 2MQ^ E 



r(S)u/M''(S) _ r (A)TJ^/.y(A) 
HI/ Hu 



(3.1.13) 



(3.1.14) 
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The unpolarised cross-section is then obtained by averaging over the spins 
of the incoming lepton (s/) and of the nucleon {S) and reads 

dE' 2 ^ 2 Y dn 2Mg4 E " ^ " ' 

Inserting eqs. (3.1.8a) and (3.1.12a) into (3.1.15) one obtains the well-known 
expression 

Differences of cross-sections with opposite target spin probe the antisym- 
metric part of the leptonic and hadronic tensors 

dE' dQ dE' dQ 2MQ4 E ' V ■ ■ J 

In the target rest frame the spin of the nucleon can be parametrised as (as- 
suming l^l = 1) 

5''' = (0, S) — (0, sin a cos sin a sin j3, cos a) . (3.1.18) 

Taking the direction of the incoming lepton to be the z-axis, we have 

r = E(l, 0,0,1), 

— E\l, sin cos sin't?sin(/3, cosi)) . 

Inserting (3.1.8b) and (3.1.12b) in eq. (3.1.17), with the above parametri- 
sations for the spin and the momentum four-vectors, for the cross-section 
asymmetry in the target rest frame we now obtain 

da{+S) _ daj-S) ^ Aal^ E' 
dE' dQ dE' dn~ Q^E 

X I [£■ cos a + E'(sm ■& sin a cos -|- cos cos a)] MGi 

+ 2EE' [sin 1? sin q; cos -I- cost? cos a — cos a] , (3.1.20) 

where (f) = (3 — if is the azimuthal angle between the lepton plane and the 
(£, S) plane. 

In particular, when the target nucleon is longitudinally polarised (that is, 
polarised along the incoming lepton direction), one has a — and the spin 
asymmetry becomes 

da^ da^ Aal^E' , ^ , ^, , _ „2 



dE' dVt dE' dVt Q^E 



[E + E' cos-d) M Gi - G2 . (3.1.21a) 
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Fig. 3. Lepton and spin planes. The lepton plane is taken here to coincide with the 
xz plane, i.e., if = 0. 

When the target nucleoli is transversely polarised (that is, polarised orthogo- 
nally to the incoming lepton direction), one has a = n/2 and the spin asym- 
metry is 



da^ 



dE' dn dE' dn 



Q^E 



i2 



MG1 + 2EG2 



(3.1.21b) 



A remark on the terminology is in order here. The terms "longitudinal" 
and "transverse" are somewhat ambiguous, insofar as a reference axis is not 
specified. From an experimental point of view, the "longitudinal" and "trans- 
verse" polarisations of the nucleon are in reference to the lepton beam axis. 
Thus "longitudinal" ( "transverse" ) indicates parallel (orthogonal) to this axis. 
We use the large arrows => and ft to denote these two cases respectively. From 
a theoretical point of view, it is simpler to refer to the direction of motion of the 
virtual photon. One then speaks of the "longitudinal" {S\i) and "transverse" 
(5*^) spin of the nucleon, meaning by this spin parallel and perpendicular, re- 
spectively, to the photon axis. When the target is "longitudinally" or "trans- 
versely" polarised in this sense, we shall make explicit reference to and S± 
in the cross-section. Later, it will be shown how to pass from da^ — da"^ and 
da^ - da^ to d(T(+^||) - da(-5||) and dcT(+5x) - da{-S±). Note that, in 
general, da^ is a combination of dcT(S'||) and da{S±). We shall return to this 
point in Sec. 9.2. 

It is customary to introduce the dimensionless structure functions 



Fi(x,Q2) 
92{x,Q^) 



= MW,iu,Q^), 
= uW2{iy,Q'), 
= M^uGi{u, Q2) 
= Mu^ G2{v, Q^) 



(3.1.22) 



In the Bjorken limit 



00 - 



2Mv 



fixed. 



(3.1.23) 
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Fi, F2, gi and (72 are expected to scale approximately, that is, to depend only 
on X. In terms of Fi, F2, gi and g2, the hadronic tensor reads 



Wl,l^ = 2(^-g,^+^-^y,ix,Q' 



+ 



P-q 



(A) ^ 2M£^,p, qP 
P-q 



S''g,{x,Q^) + 



p-q 



(3.1.24a) 
(3.1.24b) 



The unpolarised cross-section then becomes (as a function of x and y) 

whereas the spin asymmetry (3.1.20), in terms of gi and g2, takes on the form 
da{+S) da{-S) Aa, 



''em 



dx dy d</7 dx dy d</7 
2Ma; 



{2-y)gi{x,Q ) cos a 



+ 



1-2/ y9i{x,Q ) + 2g2{x,Q ) sinacos^^, (3.1.26) 



where we have neglected contributions of order M'^/Q'^. Note that the term 
containing g2 is suppressed by one power of Q. This renders the measurement 
of g2 quite a difficult task. 

It is useful at this point to re-express the cross-section asymmetry (3.1.26) 
in terms of the angle between the spin of the nucleon S and the photon 
momentum q — I — V . The relation between a, and ©, ignoring terms 
0{M^/Q^), is 



cos a = cos 6 -|- 



2Mx 



1 — y cos (j) sin , 



Q 

2Mx 

sin a — sin \/l — y cos cos , 



(3.1.27) 



and hence we obtain 

da{+S) da{-S) _ 4a, 
dx dy d(f dx dy d(f 



2 

em 



Q 



(2 - y) gi cos 



4Mx / 

+ -g- ^^-y{9i + 92) sin0cos( 



, (3.1.28a) 



which demonstrates that when the target spin is perpendicular to the photon 
momentum (0 = 7r/2) DIS probes the combination gi -\- g2] and 



da{+SA_) da{-Si 



dx dy dip dx dy dip 



4Mx 



\l^-y {91 + 92) 



cos(f). (3.1.28b) 
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p I p 

Fig. 4. The so-called handbag diagram. 

This result can be obtained in another, more direct, manner. Sphtting the spin 
vector of the nucleon into a longitudinal and transverse part (with respect to 
the photon axis): 

S'' = Si^ + S^, (3.1.29) 

where Xn = ±1 is (twice) the helicity of the nucleon, the antisymmetric part 
of the hadronic tensor becomes 



' ' pu 



2Mi 



P-q 



'S^gi + Sligi+g^: 



(3.1.30) 



Thus, if the nucleon is longitudinally polarised the DIS cross-section depends 
only on gi, if it is transversely polarised (with respect to the photon axis) 
what is measured is the sum of gi and g2- We shall use expression (3.1.30) 
when studying the quark content of structure functions in the parton model, 
to which we now turn. 



3.2 The parton model 

In the parton model the virtual photon is assumed to scatter incoher- 
ently off the constituents of the nucleon (quarks and antiquarks). Currents 
are treated as in free field theory and any interaction between the struck 
quark and the target remnant is ignored. 

The hadronic tensor W'^'^ is then represented by the handbag diagram 
shown in Fig. 4 and reads (to simplify the presentation, for the moment we con- 
sider only quarks, the extension to antiquarks being rather straight-forward) 



X 



{2n) (27r)32E^y (27r^4 



d^k r d^K 



(27r) 



X [u{K)-f''4>{k]P,S)]* [u{K)Y(p{k;P,S) 



X (27r)^ 6\P -k-Px) {2'Kf 6\k + q - k) , (3.2.1) 

where X^a is a sum over the flavours, is the quark charge in units of e, and 
we have introduced the matrix elements of the quark field between the nucleon 
and its remnant 

<P,ik,P,S) = {X\UO)\PS). (3.2.2) 
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We define the quark-quark correlation matrix ^ij{k, P, S) as 



*.,(*, p,s)=i:/p|^(2-r*v-*-Px) 

X {PS\i'j(0)\X){X\i'i{0)\PS) . (3.2.3) 

Using translational invariance and the completeness of the \X) states this 
matrix can be re-expressed in the more synthetic form 

^ij{k, P,S) = j d^e e^'^-^ {PS\UQ)i;i{i)\PS) . (3.2.4) 

With the definition (3.2.3) the hadronic tensor becomes 

^'^'^ = E / (0 / (0 ^i>^") (2^)' + q-K)T. [^^^^Y] 



In order to calculate W^'' , it is convenient to use a Sudakov parametri- 
sation of the four-momenta at hand (the Sudakov decomposition of vectors is 
described in Appendix A). We introduce the null vectors p'^ and n'^, satisfying 

= = , p-n = 1 , n"*" = = p~ . (3.2.6) 

and we work in a frame where the virtual photon and the proton are coUinear. 

As is customary, the proton is taken to be directed along the positive z di- 
rection (see Fig. 5). In terms of and the proton momentum can be 
parametrised as 

pi" = pi' + —n^ ~ . (3.2.7) 

Note that, neglecting the mass M, P^ coincides with the Sudakov vector p^ . 
The momentum of the virtual photon can be written as 

:^P-qn^ -xp^ , (3.2.8) 

where we are implicitly ignoring terms 0{M'^ / Q^). Finally, the Sudakov de- 
composition of the quark momentum is 

ki^^ap''+ t n^ + k"^. (3.2.9) 

In the parton model one assumes that the handbag-diagram contribution 
to the hadronic tensor is dominated by small values of k^ and k']_. This means 
that we can write k'^ approximately as 

k^^ap^. (3.2.10) 
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Fig. 5. The 7*A^ collinear frame (note our convention for the axes) 

The on-shell condition of the outgoing quark then imphes 

1 



SUk + qY) ^S{-Q' + 2aP-q) 



2P-q 



5{a — x) 



(3.2.11) 



that is, fc'^ ~ a; P^. Thus the Bjorken variable x = Q"^/ {2P-q) is the fraction 
of the longitudinal momentum of the nucleon carried by the struck quark: 
X = /P^. (In the following we shall also consider the possibility of retaining 
the quark transverse momentum; in this case (3.2.9) will be approximated as 

Returning to the hadronic tensor (3.2.5), the identity 



(3.2.12) 



allows us to split W^'^ into symmetric (S) and antisymmetric (A) parts under 
jj, ^ u interchange. Let us first consider Wj^ {i.e., unpolarised DIS): 



2P-a ^ "J (27r)4 



6 X 



P+ 



X 



{k^ + q^) Tr($7,) + {k, + q,) Tr(<l>7^ 



(3.2.13) 



From (3.2.8) and (3.2.9) we have fc^ + ~ (-P'Q') (3.2.13) becomes 

2 ^ (27r)4 \^ P+J 

X Uf, Tr($7^) + Tr(<l'7^) - g^^^nP Tr($7p 

Introducing the notation 



(3.2.14) 
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-p^l^ e-^"«- {ps\m r, o±)\ps) 

^ j ^ ^^^PS\m^^{rn)\PS) , (3.2.15) 
where F is a Dirac matrix, W'l^ is written as 

= \Y.^l K ^^'^) + ^^^) - S^^'^ ^^^)] ■ (3.2.16) 

a 

We have now to parametrise (7^), which is a vector quantity containing in- 
formation on the quark dynamics. At leading twist, i.e., considering contribu- 
tions OiP'^) in the infinite momentum frame, the only vector at our disposal 
is ~ (recall that = C'(l/P+) and /c^ ~ xP^). Thus we can write 

= e'^^(P5|^(0)7'^^(rn)|P5) = 2/(a;)P^, (3.2.17) 
J 27r 

where the coefficient of P^, which we called f{x), is the quark number density, 
as will become clear later on (see Sees. 4.2 and 4.3). From (3.2.17) we obtain 
the following expression for f{x) 

fix) = e-^+«- {PS\m7^mC,0^)\PS) . (3.2.18) 

Inserting (3.2.17) into (3.2.16) yields 

= E (n^Pu + nuP, - 9,u) fa{x) . (3.2.19) 

a 

The structure functions Fi and F2 can be extracted from W^^, by means of 
two projectors (terms of relative order l/Q^ are neglected) 



F.^VrW,, = - ( _ P^P'^ - gt^- ) W,, , (3.2.20a) 



F2 = V^^'W,, = 2 ( "g^ ^'^^ ~ ^^"^ ■ (3-2.20b) 

Since [P^P"" jQ'^) W^,^ = 0{M'^/Q'^), we find that Fi and F2 are proportional 
to each other (the so-called Callan-Gross relation) and are given by 

F2{x) = 2xF,{x) = -^g'-'^Wl^l^ = Y.^lx fa{x) , (3.2.21) 
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which is the well-known parton model expression for the unpolarised structure 
functions, restricted to quarks. To obtain the full expressions for Fi and F2, one 
must simply add to (3.2.20b) the antiquark distributions fa, which were left 
aside in the above discussion. They read (the role of ijj and tjj is interchanged 
with respect to the quark distributions: see Sec. 4.2 for a detailed discussion) 



4:71 



{ps\ TV ^-"mm r, o^) \ps) . (3.2.22) 



and the structure functions Fi and F2 are 

F2ix) = 2xFi{x) = ^e^x [/„(x) + /„(x)' 



(3.2.23) 



3.3 Polarised DIS in the parton model 



Let us turn now to polarised DIS. The parton- model expression of the 
antisymmetric part of the hadronic tensor is 

^^^^ = ^ Ee^/(0 ^(^ - ^) + Tr(7^75$) . (3.3.1) 

With — xP^ this becomes, using the notation (3.2.15) 

W^i^^ = W^''E|(7'^75). (3.3.2) 

At leading twist the only pseudovector at hand is ^ij* (recall that S'^^ — 0{P^) 
and S*^ = 0(1)) and (7'^75) is parametrised as (a factor M is inserted for 
dimensional reasons) 

(t'^Ts) = 2M A/(x) SI = 2A^ A/(x) . (3.3.3) 

Here A/(a;), given explicitly by 

Mix) = 1^ e-^^«- {ps\m^^^^mr,o±)\ps) , (3.3.4) 

is the longitudinal polarisation {i.e., helicity) distribution of quarks. In fact, 
inserting (3.3.3) in (3.3.2), we find 

a ^ 

Comparing with the longitudinal part of the hadronic tensor (3.1.30), which 
can be rewritten as 

W^i^lng = 2Aa, e^,,„ n^f , (3.3.6) 
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we obtain the usual parton model expression for the polarised structure func- 
tion Qi 

9i{x) = \Y.el^Ux). (3.3.7) 

a 

Again, antiquark distributions A/g should be added to (3.3.7) to obtain the 
full parton model expression for gi 



9i{^) = I E^a [A/a(x) + A/„(x)] . (3.3.8) 



The important lesson wc learned is that, at leading twist, only longitudinal 
polarisation contributes to DIS. 

3.4 Transversely polarised targets 

Since 5*^ is suppressed by a power of with respect to its longitudinal 
counterpart ^n, transverse polarisation effects in DIS manifest themselves at 
twist-three level. Including subdominant contributions, eq. (3.3.3) becomes 

(t'^Ts) = 2MA/(x)>S||a + 2M^T(x)-SI, (3.4.1) 

where we have introduced a new, twist-three, distribution function gT, defined 
as (we take the nucleon spin to be directed along the x-axis) 

9t{x) = ^ (7^5) 

/^e-^'^"(^'5|V^(0)7^75V'(0,r,Ox)|P^), (3.4.2) 

As we are working at twist 3 (that is, with quantities suppressed by l/P^) 
we take into account the transverse components of the quark momentum, 
~ xp^ + kj_. Moreover, quark mass terms cannot be ignored. Reinstating 
these terms in the hadronic tensor, we have 



I (A; + qy Tr [^75^ - ^ Tr [i a'"^ 75 $] | . (3.4.3) 



Notice that now we cannot simply set A;^ + ~ P-qn^, as we did in the case 
of longitudinal polarisation. Let us rewrite eq. (3.4.3) as 

^M^^ = 9^ ^ ^« ^^^^'^ + ' ^3.4.4) 

where 

AW^(^) = 2^ e,.p. E el (l^^'' ^,8") - \m, (i<7'"^75)) ■ (3.4.5) 



29 



If we could neglect the term AW^^^ then, for a transversely polarised target, 
we should have, using eq. (3.4.1) 

<^ = ^^%^E|^t(-)- (3-4.6) 

Comparing with eq. (3.1.30) yields the parton-model expression for the po- 
larised structure function combination gi + g2- 

g^{x)+g2{x)^'^^elg^{x), (3.4.7) 

a 

This result has been obtained by ignoring the term AW^^^ in the hadronic 
tensor, rather a strong assumption, which seems lacking in justification. Sur- 
prisingly enough, however, eq. (3.4.5) turns out to be correct. The reason 
is that at twist 3 one has to add an extra term W^^^^ into (3.4.4), arising 
from non-handbag diagrams with gluon exchange (see Fig. 6) and which ex- 
actly cancel out AVF^^\ Referring the reader to the original papers [34] (see 
also [35]) for a detailed proof, we hmit ourselves to presenting the main steps. 
For the sum AW^^^ -\- W^^^^ one obtains 

- {i^D,{Tn) - -fuD^irn)) + . . . | , (3.4.8) 

where = — '\g and the ellipsis denotes terms with the covariant 
derivative acting to the left and the gluon field evaluated at the space-time 
point 0. We now resort to the identity 

2 ^ixvTcr^ TsTp — Qpi^^^i QiJ-p^f i^^ii/pcrT Ts ■ (3.4.9) 

Contracting with and using the equations of motion — mq)il> = we 
ultimately obtain 

i rrig £^..<.(ct""75) = (t.^m) - ilM + £^.p.(i7"75^0 , (3.4.10) 

which implies the vanishing of (3.4.8). Concluding, DIS with transversely po- 
larised nucleon (where transverse refers to the photon axis) probes a twist- 
three distribution function, grix), which, as we shall see, has no probabilistic 
meaning and is not related in a simple manner to transverse quark polarisa- 
tion. 

3.5 Transverse polarisation distributions of quarks in DIS 

Let us focus now on the quark mass term appearing in the antisymmetric 
hadronic tensor - see eqs. (3.4.5) and (3.4.8). We have shown that actually it 
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Fig. 6. Higher-twist contribution to DIS involving quark-gluon correlation. 

cancels out and does not contribute to DIS. Its structure, however, is quite in- 
teresting. It contains, in fact, the transverse polarisation distribution of quarks. 
At/, which is the main subject of this report. The decoupling of the quark 
mass term thus entails the absence of A^/ from DIS, even at higher- twist 
level. 

The matrix element (icr'"^75) admits a unique leading-twist parametrisa- 
tion in terms of a tensor structure containing the transverse spin vector of the 
target and the dominant Sudakov vector -p^ 



(ia^-75) = 2(p'^S^-p''^I)AT/(x). 



(3.5.1) 



The coefficient AT/(a;) is indeed the transverse polarisation distribution. It 
can be singled out by contracting (3.5.1) with rip, which gives (for definiteness, 
we take the spin vector directed along x) 

AT/(x) = i(inX''75) 

= e'^^^«- (P5|V;(0)iai+75V^(0,r,0^)|P5) , (3.5.2) 

Eq. (3.4.10) can be put in the form of a constraint between Aj'/(x) and other 
twist-three distributions embodied in {^^Dy) and ly^'^^'^D^). Let us consider 
the partonic content of the last two quantities. The gluonic (non-handbag) 
contribution to the hadronic tensor involves traces of a quark-gluon- 

quark correlation matrix. We introduce the following two quantities: 



((i7^5/^^(r2n))) 



dri /■ dr; 



2 ^T^X2 gi'r2(a;i-X2) 



27r ] 27r 

X {PS\^{^)-i^D\T2n) ^{Txn)\PS) , (3.5.3a) 

dTi /■ dr2 ^i-rix2 giT2(xi-X2) 



2tx J 27r 



X {PS\'ilj{0)iYl5D''iT2n)'4;{Tin)\PS) . (3.5.3b) 
These matrix elements are related to those appearing in (3.4.8) by 
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/ 



J dx2 UrD'^M)) = i^D'^M) , (3.5.4a) 
dx2 {{irj^D-'inn))) = (ij^j^D^nn)) . (3.5.4b) 



At leading order (which for the quark-gluon-quark correlation functions im- 
phes twist 3) the possible Lorentzian structures of {{'y^D'^)) and {{i'j'^^^D'^)) 
are 

{{j^D'')) = 2M Gd(xi, X2) e'^"^^. n^J^p , (3.5.5a) 
{{in^D")) = 2M GDixuX2) p^Sl + 2M ^'^(xi, xs) p"" S>i . (3.5.5b) 

Here three multiparton distributions, Gd{xi^X2)., Gd{xi,X2) and G'jj{xi,X2)^ 
have been introduced. One of them, G'{xi^X2)^ is only apparently a new quan- 
tity. Contracting eq. (3.5.5b) with and exploiting the gauge choice = 0, 
it is not difficult to derive a simple connection between G'{xi,X2) and the 
twist-three distribution function gT{x2} [34] 

G'jj{xi,X2) = X2 S{xi - X2) gT{x2) , (3.5.6) 

Hence G'jj{xi,X2) can be eliminated in favour of the more familiar gT{x2)- 
We are now in the position to translate eq. (3.4.10) into a relation between 
quark and multiparton distribution functions. Using (3.5.1) and (3.5.4a-3.5.6) 
in (3.4.10) we find 



/ 



dy[GD{x,y) + GD{x,y)\^xgT{x)-^/^Tf{x). (3.5.7) 



By virtue of this constraint, the transverse polarisation distributions of quarks, 
that one could naively expect to be probed by DIS at a subleading level, turn 
out to be completely absent from this process. 



32 



Fig. 7. The quark-quark correlation matrix 

4 Systematics of quark distribution functions 

In this section we present in detail the systematics of quark and antiquark 
distribution functions. Our focus will be on leading-twist distributions. For the 
sake of completeness, however, we shall also sketch some information on the 
higher-twist distributions. 

4-1 The quark-quark correlation matrix 

Let us consider the quark-quark correlation matrix introduced in Sec. 3.2 
and represented in Fig. 7, 

^,,{k,P,S) = J d^e e^'-^ {PS\^,{0)UO\PS) . (4.1.1) 

Here, we recall, i and j are Dirac indices and a summation over colour is 
implicit. The quark distribution functions are essentially integrals over k of 
traces of the form 

Tr(r$) = J d^e e'^'^ {PS\^{0)rtP{O\PS) , (4.1.2) 

where T is a Dirac matrix structure. 

In Sec. 3.2, $ was defined within the naive parton model. In QCD, in 
order to make $ gauge invariant, a path-dependent link operator 

£(0, = V exp (^-ig J^^ ds, A^{s)^ , (4.1.3) 

where V denotes path-ordering, must be inserted between the quark fields. 
It turns out that the distribution functions involve separations ^ of the form 
[0,^~,0_l], or [0,^~,^j_]. Thus, by working in the axial gauge = and 
choosing an appropriate path, C can be reduced to unity. Hereafter we shall 
simply assume that the link operator is unity, and just omit it. 

The $ matrix satisfies certain relations arising from hermiticity, parity 
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invariance and time- reversal invariance [15]: 

$t(A;, P, S) = 7° P, S) 7° (hermiticity), (4.1.4a) 

^k, P, S) = 7° ^k, P, -S) 7° (parity), (4.1.4b) 

^*{k, P, S) = 75C $(fc, P, S) Ct75 (time-reversal), (4.1.4c) 

where C = 17^7^ and the tilde four- vectors are defined as — (A;°, — fc). As 



wc shall see, the time-reversal condition (4.1.4c) plays an important role in 
the phenomenology of transverse polarisation distributions. It is derived in a 
straight-forward manner by using Tip{^)T'^ = —i'y5Cijj{—^) and T\PS) ~ 
(— 1)'^"'^^ \PS), where T is the time-reversal operator. The crucial point, to 
be kept in mind, is the transformation of the nucleon state, which is a free 
particle state. Under T, this goes into the same state with reversed P and S. 
The most general decomposition of $ in a basis of Dirac matrices, 

r = {l, 7^ 7^75, i75, i^T^'^Ts}, (4.1.5) 
is (we introduce a factor | for later convenience) 

^k, P,S) = l{Sl+V^r + AtsT'* + iT'sTs + ^r'^'^l^} ■ (4.1.6) 

The quantities S, V^, A'^, and T^^ are constructed with the vectors k^, 
and the pseudovector S^. Imposing the constraints (4.1.4a-c) we have, in 



general, 

5 = 1 Tr(<I>) = Ci, (4.1.7a) 

= 1 Tr(7^<l)) = C2 P'' + C3 A;^ , (4.1.7b) 

A>' = \ Tr(7^75$) =CiS>' + C5 k-S P" + Cg k-S k^ , (4.1.7c) 

P5 = iiTr(75<l>) = 0, (4.1.7d) 



T'^^ = ^ Tr((7''^75$) = Cr P^^S""^ + k^^S""^ + k-S P^^k"^ , (4.1.7e) 

where the coefficients Cj = Ci{k'^, k-P) are real functions, owing to hermiticity. 

If we relax the constraint (4.1.4c) of time-reversal invariance (for the 
physical relevance of this, see Sec. 4.8 below), three more terms appear: 

= • • • + Cio e'^^'P'^S^Ppk, , (4.1.7bO 
V5^Cnk-S, (4.1.7d') 
r^"'^■■■ + C12 e^^P^Ppk^ . (4.1.7e') 

4.2 Leading-twist distribution functions 

We are mainly interested in the leading-twist contributions, that is the 
terms in eqs. (4.1.7a-e) that are of order 0{P'^) in the infinite momentum 
frame. 
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The vectors at our disposal are P^, k^' ~ xP^, and Si^ ~ XnP^/M + S^, 
where the approximate equahty signs indicate that we are neglecting terms 
suppressed by (P"*")"^. Remember that the transverse spin vector Sj^ is of order 
(P+)°. For the time being we ignore quark transverse momentum kj_ (which 
in DIS is integrated over). We shall see later on how the situation becomes 
more complicated when k'^ enters the game. 

At leading order in P+ only the vector, axial, and tensor terms in (4.1.6) 
survive and eqs. (4.1.7b, c, e) become 

V^^lJ d^^ d''-^PS\^{0)Yilj{O\PS) ^ AiP^ , (4.2.1a) 
A'' = l I d^e e''< {PS\{i}{0)r^,^|;{O\PS) = XnA^P^, (4.2.1b) 
r'^-^^ / <^''i ^''■HPS\i^{Q)a>"'^^'il^{i)\PS) ^ A^P^^S^^l , (4.2.1c) 

where we have introduced new real functions Ai{k'^,k-P). The leading-twist 
quark correlation matrix (4.1.6) is then (we use P^^S'^a^i, = 2if$^_) 



^{k,P,S)^\{A^t + A2\Nl^f + A^f-f^$^} 

From (4.2.1a-c) we obtain 

1 



\n A2 



2P+ 
1 



Tr(7+$) , 
IV(7+75$) , 



2P+ 

-51 A3 = ^ Tr(ia^+75$) 



2P+ 



Tr(7+f75$) 



(4.2.2) 

(4.2.3a) 
(4.2.3b) 
(4.2.3c) 



The leading-twist distribution functions f{x), A/(x) and Axfix) are obtained 
by integrating Ai, A2 and ^43, respectively, over k, with the constraint x — 
k+/P+, that is. 



fix) 




Ai(A;2,A;-P) 




f d^k 


A2ik^,k-P) > 


< Afix) 


^ = J {2nr ' 


Ar/(x) 

V J 


A^{k\k-P) 



> 5\ X — 



P+ 



(4.2.4) 



that is, using (4.2.3a-c) and setting for definiteness \n = +1 and 5"^ = (1, 0) 



(4.2.5a) 



^^""^ = 2/(2^ ^^^^^^ ^^^^ - ""^^^ ' 
A/(x) = \j^, IV(7+75$) 5{k-^ - xP+) , (4.2.5b) 

At/(x) ^IJ-S^, 1^(7+7^5$) S{k+ - xP+) . (4.2.5c) 
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Finally, inserting the definition (4.1.1) of $ in (4.2.5a-c), we obtain the three 
leading-twist distribution functions as light-cone Fourier transforms of expec- 
tation values of quark-field bilinears [36]: 

fix) = J^ e-^"«- {PSmOh^m r, 0^)\PS) , (4.2.6a) 

A/(x)= J ^e'^^^^- {ps\mi^i^mr,o±)\ps) , (4.2.6b) 

At/(x) = /^e-^^f-(P5|V^(0)7+7SV'(0,r,Ox)|P^) ■ (4.2.6c) 

The quark-quark correlation matrix $ integrated over k with the con- 
straint X — k^/P'^ 

= (P5|V;,-(0)V'i(Tn)|P5) , (4.2.7) 

in terms of the three leading-twist distribution functions, reads 

$(x) = \ {f{x) fi + XN Af{x) 75 ^ + At/(x) /'75 . (4.2.8) 

Let us now complete the discussion introducing the antiquarks. Their 
distribution functions are obtained from the correlation matrix 

^,j{k,P,S) = I d'^ e''< {PS\^,mj{0\PS) . (4.2.9) 

Tracing $ with the Dirac matrices F gives 

Tr(r$) = J d^C e'''< {PS\ Tr [rV'(0)V5(0] \PS) , (4.2.10) 

In deriving the expressions for /, A/, A^/ care is needed with the signs. By 
charge conjugation, the field bilinears in (4.1.4a) transform as 

m^m ^ ± T> [rmm] , (4.2.11) 

where the + sign is for F = 7^, io"'^'^75 and the — sign for F = 7^*75. We thus 
obtain the antiquark density number: 

= /^e-^^«-(P5|IV [7+V'(0)V^(0,r,Ox)] \PS) , (4.2.12) 
the antiquark helicity distribution 
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= Tr (7+75$) S{k^ - xP^) 



{2nY 

= /^e-^^«-(P5|Iv[7+75V'(0)V;(0,r,Ox)] \PS), (4.2.13) 
and the antiquark transversity distribution 



- /^e-^"«-(P^| Tr [7+7175^(0)^(0, r, Ox)] \PS) . (4.2.14) 

Note the minus sign in the definition of the antiquark hehcity distribution. 

If wc adhere to the definitions of quark and antiquark distributions, 
eqs. (4.2.6a-c) and (4.2.12-4.2.14), the variable x = k^/P^ is not a priori 
constrained to be positive and to range from to 1 (we shall see in Sec. 4.3 
how the correct support for x comes out, hence justifying its identification with 
the Bjorken variable). It turns out that there is a set of symmetry relations 
connecting quark and antiquark distribution functions, which are obtained 
by continuing x to negative values. Using anticommutation relations for the 
fermion fields in the connected matrix elements 

{psm)m\ps)c^-{ps\mm\ps)c, (4.2.15) 

one easily obtains the following relations for the three distribution functions 

f{x)^-f{-x), (4.2.16a) 
Afix)^ Af(-x), (4.2.16b) 
A^/(x) = -At/(-x). (4.2.16c) 

Therefore, antiquark distributions are given by the continuation of the corre- 
sponding quark distributions into the negative x region. 



4-3 Probabilistic interpretation of distribution functions 

Distribution functions are essentially the probabihty densities for find- 
ing partons with a given momentum fraction and a given polarisation inside 
a hadron. We shall now see how this interpretation comes about from the 
field-theoretical definitions of quark (and antiquark) distribution functions 
presented above. 

Let us first of all decompose the quark fields into "good" and "bad" 
components: 

= + V'(-) , (4.3.1) 

where 

V'(±) = i7^7^V'- (4.3.2) 
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The usefulness of this procedure hes in the fact that "bad" components are 
not dynamically independent: using the equations of motion, they can be 
eliminated in favour of "good" components and terms containing quark masses 
and gluon fields. Since in the P"*" — > oo limit ^(+) dominates over ip(-), the 
presence of "bad" components in a parton distribution function signals higher 
twists. Using the relations 

V;7+^ = v^V^f^)^(+), (4.3.3a) 
^ 7+75 ^ = V^f+) 75 ^(+) , (4.3.3b) 
i(7^+75 ^|J = V2 V'f+) YTs ■ (4.3.3c) 

the leading-twist distributions (4.2.6a-c) can be re-expressed as [36] 

/^e'^^"«-(P5|^;^)(0)7+Vw(0,r,Ox)|P5) , (4.3.4a) 

A/(x) = / ^ e^^^^- (P5|V'J+)(0)75V'(+)(0, r, 0^)\PS) , (4.3.4b) 

AT/(x) = /^e-^"«-(P5|V';+)(0)y75^(+)(0,r,Ox)|P5), (4.3.4c) 

Note that, as anticipated, only "good" components appear. It is the peculiar 
structure of the quark-field bilinears in eqs. (4.3.4a-c) that allows us to put 
the distributions in a form that renders their probabilistic nature transparent. 

A remark on the support of the distribution functions is now in order. We 
already mentioned that, according to the definitions of the quark distributions, 
nothing constrains the ratio x = / to take on values between and 1. 
The correct support of the distributions emerges, along with their probabilistic 
content, if one inserts into (4.3.4a-c) a complete set of intermediate states 
{\n)} [37] (see Fig. 8). Considering, for instance, the unpolarised distribution 
we obtain from (4.3.4a) 

m = 75 E ^((1 - - K) |(P^|^(+)(0)|n)p , (4.3.5) 

n 

where incorporates the integration over the phase space of the intermediate 
states. Eq. (4.3.5) clearly gives the probability of finding inside the nucleon 
a quark with longitudinal momentum A;+/P+, irrespective of its polarisation. 
Since the states \n) are physical we must have P+ > 0, that is En > |-Pn|, and 
therefore x <1. Moreover, if we exclude semi-connected diagrams like that in 
Fig. 8b, which correspond to x < 0, we are left with the connected diagram of 
Fig. 8a and with the correct support < x < 1. A similar reasoning applies 
to antiquarks. 

Let us turn now to the polarised distributions. Using the Pauli-Lubanski 
projectors V± = | (1 ±75) (for helicity) and Vn = |(1 ±7^75) (for transverse 
polarisation), we obtain 
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n) 



(a) 




Fig. 8. (a) A connected matrix element with the insertion of a complete set of 
intermediate states and (b) a semi-connected matrix element. 



(P5m^(+)(0)|n) - (P5|P_^(+)(0)|n) , (4.3.6a 



^t/(x) = ^E^((1-^)^^-^« 



X 



(P5|Pt^(+)(0)|n) - (P5|n^(+)(0)|n) 



(4.3.6b) 



These expressions exhibit the probabihstic content of the leading-twist po- 
larised distributions Af{x) and Ar/(a;): A/(x) is the number density of 
quarks with helicity + minus the number density of quarks with helicity — (as- 
suming the parent nucleon to have helicity +); Axfix) is the number density 
of quarks with transverse polarisation | minus the number density of quarks 
with transverse polarisation | (assuming the parent nucleon to have transverse 
polarisation |). It is important to notice that Ay/ admits an interpretation 
in terms of probability densities only in the transverse polarisation basis. 

The three leading-twist quark distribution functions are contained in the 
entries of the spin density matrix of quarks in the nucleon (A(x) is the quark 
helicity density, s±{x) is the quark transverse spin density): 



Paa' 




S^[X) - lSy[X) 



\{x) 



(4.3.7) 



Recalling the probabilistic interpretation of the spin density matrix elements 
discussed in Sec. 2.3, one finds that the spin components s±,X of the quark 
appearing in (4.3.7) are related to the spin components S±, Xn of the parent 
nucleon by 



Xg{x) /(x) = Aat A/(x) , 
s^ix)fix) = S^ATfix). 



(4.3.8a) 
(4.3.8b) 
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4-4 Vector, axial and tensor charges 



If we integrate the correlation matrix $(A;, P, S) over k, or equivalently 
^{x) over X, we obtain a local matrix element (which we call with no 
arguments) 

= J d^k^ij{k,P,S) = I dx^ijix) = {PS\i}j{0)iJi{0)\PS) , (4.4.1) 
which, in view of (4.2.2), can be parametrised as 

^^l[gy]f> + g^X^^^]f> + gj, 75 $^ . (4.4.2) 

Here gv, gA and gr are the vector, axial and tensor charge, respectively. They 
are given by the following matrix elements, recall (4.2.1a-c): 

(P^|^(0)7^^.(0) |P5) = 2gv , (4.4.3a) 
(P5J^(0)7^5^.(0)|P5) = 2gA MS'' , (4.4.3b) 
(P5|V^(0)i(7'^^75V'i (0) |P5) = 2gT {S'^P'' - S^P") . (4.4.3c) 

Warning: the tensor charge gr should not be confused with the twist-three 
distribution function grix) encountered in Sec. 3.4. 

Integrating eqs. (4.2.6a-c) and using the symmetry relations (4.2.16a-c) 
yields 



J^^ dxf{x)=J^ dx[f{x)-f{x) 
dxAfix) = dx [Af{x) + Af{x) 
dxArfix) = dx [At fix) - AtHx) 



9t 



(4.4.4a) 
(4.4.4b) 
(4.4.4c) 



Note that gv is simply the valence number. As a consequence of the charge 
conjugation properties of the field bilinears ^7^^, ^7'^75'0 and ^i(T'^^75V', the 
vector and tensor charges are the first moments of flavour non-singlet combina- 
tions (quarks minus antiquarks) whereas the axial charge is the first moment 
of a flavour singlet combination (quarks plus antiquarks). 



4-5 Quark-nucleon helicity amplitudes 



The DIS hadronic tensor is related to forward virtual Compton scattering 
amplitudes. Thus, leading-twist quark distribution functions can be expressed 
in terms of quark-nucleon forward amplitudes. In the helicity basis these am- 
plitudes have the form ^aa,A'A', where A, A' (A, A') are quark (nucleon) helic- 
ities. There are in general 16 amplitudes. Imposing helicity conservation, 

A-A' = A'-A, i.e., A + A = A' + A', (4.5.1) 
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+ 



+ + 



+ + 



Fig. 9. The three quark-nucleon hehcity amphtudes. 
only 6 amplitudes survive: 

Parity invariance implies 

and gives the following 3 constraints on the amplitudes: 

^+ + , + + =^ , ! 

^++, =^ , + + ! 



(4.5.2) 



(4.5.3) 



(4.5.4) 



Time-reversal invariance, 



A 



AA,A'A' 



A.\'\' 



A'A',AA , 



(4.5.5) 



adds no further constraints. Hence, we are left with three independent ampli- 
tudes (see Fig. 9) 

(4.5.6) 

Two of the amplitudes in (4.5.6), ^++,++ and ^_|__^+_, are diagonal in 
the helicity basis (the quark does not flip its helicity: A = A'), the third, 
A+--+, is off-diagonal (helicity flip: A = —A'). Using the optical theorem we 
can relate these quark-nucleon helicity amplitudes to the three leading-twist 
quark distribution functions, according to the scheme 



fix) = f+{x) + /_(x) ~ \m{A++,++ + A_,H 
M{x) =U{x) - Ux) ~ Im(^++,++ - 
AT/(a;) = /t(x)-/i(a;)~Im^+_,_+. 

In a transversity basis (with | directed along y) 



(4.5.7a) 
(4.5.7b) 
(4.5.7c) 



T) 

I) 



1 

V2 
1 
V2 



(4.5.8) 
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the transverse polarisation distributions Axf is related to a diagonal ampli- 
tude 



Reasoning in terms of parton-nucleon forward helicity amplitudes, it is 
easy to understand why there is no such thing as leading-twist transverse 
polarisation of gluons. A hypothetical AtQ would imply an helicity flip gluon- 
nucleon amplitude, which cannot exist owing to helicity conservation. In fact, 
gluons have helicity ±1 but the nucleon cannot undergo an helicity change 
A A = ±2. Targets with higher spin may have an helicity- flip gluon distribu- 
tion. 

If transverse momenta of quarks are not neglected, the situation be- 
comes more complicated and the number of independent helicity amplitudes 
increases. These amplitudes combine to form six fc_L-dependent distribution 
functions (three of which reduce to f{x), Af{x) and Axfix) when integrated 
over k±). 

4-6 The S offer inequality 

From the definitions of /, Af and At/, that is, A/(x) = — /-(x), 

^rfix) = f^{x)-fi{x) and f{x) = f+{x) + f-{x) = f^ix) + fi{x), two bounds 
on Af and A^f immediately follow: 



Similar inequalities are satisfied by the antiquark distributions. Another, more 
subtle, bound, simultaneously involving /, Af and A^/, was discovered by 
Soffer [38]. It can be derived from the expressions (4.5.7a-c) of the distribution 
functions in terms of quark-nucleon forward amplitudes. Let us introduce the 
quark-nucleon vertices a\x'- 



(4.5.9) 



|A/(x)|</(x), 
At/(x)|</(x), 



(4.6.1a) 
(4.6.1b) 




and rewrite eqs. (4.5.7a-c) in the form 



Im(^++,++ + A+-^+ 



) ~ ^{0'*++^++ + «+-a+-) , (4.6.2a) 



X 



Afix) 



Im(^++,++ 



A 



) ~ - a*+-a+-) , (4.6.2b) 



X 



Arfix) 



Im A 



■+ 



+ 




(4.6.2c) 



42 



Prom 



^|a++±a__|2>0, 



(4.6.3) 



X 



using parity invariance, we obtain 



(4.6.4) 



X X 



that is 



U{x)>\ATf{x)\, 



(4.6.5) 



which is equivalent to 



f{x) + Af{x)>2\ATf{x)\. 



(4.6.6) 



An analogous relation holds for the antiquark distributions. Eq. (4.6.6) is 
known as the Soffer inequality. It is an important bound, which must be satis- 
fied by the leading-twist distribution functions. The reason it escaped attention 
until a relatively late discovery in [38] is that it involves three quantities that 
are not diagonal in the same basis. Thus, to be derived, Soffer's inequality re- 
quires consideration of probability amplitudes, not of probabilities themselves. 
The constraint (4.6.6) is represented in Fig. 10. 



Fig. 10. The Soffer bound on the leading-twist distributions [38] (note that there 
ATq{x) was called 6q{x)). 

We shall see in Sec. 5.5 that the Soffer bound, like the other two - more 
obvious - inequalities (4.6.1a, b), is preserved by QCD evolution, as it should 



6q(x) 



q(x) 




q(x) Aq(x) 



be. 
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Jf..l Transverse motion of quarks 

Let us now account for the transverse motion of quarks. This is necessary 
in semi- inclusive DIS, when one wants to study the Ph± distribution of the 
produced hadron. Therefore, in this section we shall prepare the field for later 
applications. 

The quark momentum is now given by 

k^" c^xP^' + k'i, (4.7.1) 

where we have retained k'^, which is zeroth order in P+ and thus suppressed 
by one power of with respect to the longitudinal momentum. 

At leading twist, again, only the vector, axial and tensor terms in (4.1.6) 
appear and eqs. (4.1.7b, c, e) become 

V^'=AiP'', (4.7.2a) 
A'^^XNA^P^+j^A^k^-S^P'', (4.7.2b) 

^ p[M^.] + ^ P^'^k'i + ^As k^ S^ PH'i , (4.7.2c) 

where we have defined new real functions Ai{k'^, k-P) (the tilde signals the 
presence of fc^) and introduced powers of M, so that all coefficients have the 
same dimension. The quark-quark correlation matrix (4.1.6) then reads 



$(A;,P,5) = ^|a/' + AAjv75/' + ^3/'75^j 



+ ^A^ fc^.S^ 75^ + ^2^/ 75 
+ ^Mk^-S^f^aA\- (4-7.3) 



M2 

We can project out the A^s and ^^'s, as we did in Sec. 4.2 
1 



2P+ Tr(7+$)=Ai, (4.7.4a) 
^ Tr(7+75$)=AArA2 + -^-:fex-SxAi, (4.7.4b) 



2P+ ^' ^ ^ M 

1 „ ..... \n -r 1 



Tr(ia*+75$) = S'^A^ + ^ k'^A2 + — k^-S^ k^ A^ . (4.7.4c) 



2P+ ' ' ^ " M ^ M2 

Let us rearrange the r.h.s. of the last expression in the following manner 

^1 ^3 + ^ k^ S^ k\_ As = 51 (^3 + ^ As) 



(k^k'^ + ^klgY^S^.As. (4.7.5) 



1 1 
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If we integrate eqs. (4.7.4a-c) over k with the constraint x = k~^/P~^, the 
terms proportional to Ai, A2 and A3 in (4.7.4b, c) and (4.7.5) vanish. We are 
left with the three terms proportional to Ai, A-i and to the combination ^3 + 
(A;^/2M^) 7^3, which give, upon integration, the three distribution functions 
j{x\ A/(x) and At/(x), respectively. The only difference from the previous 
case of no quark transverse momentum is that Ar/(x) is now related to A^^ + 
(fci/2M 2) ^3 and not to Aj, alone 

^^^^^^ " / (^^ + 2^ - • ^'-^-'^ 

If we do not integrate over we obtain six fc^-dependent distribution 
functions. Three of them, which we call /(x, fc^^), Af{x, k]_) and A^/(a;, fc^), 
are such that f{x) — J d^fcj_/(x, kY), etc. The other three are completely new 
and are related to the terms of the correlation matrix containing the Aj's. We 
shall adopt Mulders' terminology for them [15,16]. Introducing the notation 

^ I %^)^ ^'^''''^^"''^'^^Hps\m^mc,^±)\ps) , (4.7.7) 

<f t^^l =n/7v(a;, k^) = fix, kl) , (4.7.8a) 
$[7+75]^P^^^(^^ fe±)A(a;, k^) 

= A/(x, kl) + 5it(x, fci) , (4.7.8b) 



we have 



M 

^^^'^^'^=Vq/N{x,k^)s\ (X,k 



^S^_,Ay{x,kl) + ^k\hi^{x,kl) 

- ^ {klki + \ klgf^ S^, hi^ix, kl) , (4.7.8c) 

where Vg/]\f{x, k±) is the probability of finding a quark with longitudinal mo- 
mentum fraction x and transverse momentum k±, and \{x, kj_), s±{x, kj_) are 
the quark helicity and transverse spin densities, respectively. The spin density 
matrix of quarks now reads 



Pxx' - 2 



1 + A(x, fcj,) Sj;(x, fcj,) — isy(x, fej,) 
\sx{x,kA_) +\Sy{x,kA_) l-\{x,ki_) j 



(4.7.9) 



and its entries incorporate the six distributions listed above, according to 
eqs. (4.7.8a-4.7.8b). 
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Let us now try to understand the partonic content of the fc^-dependent 
distributions. If the target nucleon is unpolarised, the only measurable quan- 
tity is f{x, k\), which coincides with Vq{x, k±), the number density of quarks 
with longitudinal momentum fraction x and transverse momentum squared 
kl. 

If the target nucleon is transversely polarised, there is some probability 
of finding the quarks transversely polarised along the same direction as the 
nucleon, along a different direction, or longitudinally polarised. This variety 
of situations is allowed by the presence of k±. Integrating over k±, the trans- 
verse polarisation asymmetry of quarks along a different direction with respect 
to the nucleon polarisation, and the longitudinal polarisation asymmetry of 
quarks in a transversely polarised nucleon disappear: only the case s± \\ S± 
survives. 

Referring to Fig. 11 for the geometry in the azimuthal plane and using the 
following parametrisations for the vectors at hand (we assume full polarisation 
of the nucleon) : 

k± = {\k±\ coscpk, -\k±\ sin^fc), (4.7.10) 
5x = (cos 05, -sin 05), (4.7.11) 
s± = (|s±| cos 0s, -|s_l| sin^s), (4.7.12) 

we find for the fc^-dependent transverse polarisation distributions of quarks in 
a transversely polarised nucleon (± denote, as usual, longitudinal polarisation 
whereas tJ, denote transverse polarisation) 

VqyN]{x, k±) - Vql/N]{x, k±)=COs{(j)s - (ps) ^tH^^ ^1) 

+ ^ cos(20fe - 05 - 0,) hi^ix, kl) , (4.7.13a) 

and for the longitudinal polarisation distribution of quarks in a transversely 
polarised nucleon 

Vq+/N^{x, k±) - Vq-/N}{x, k±) = cos(05 - 0fe) Qixix, k^) . (4.7.13b) 

Due to transverse motion, quarks can also be transversely polarised in a 
longitudinally polarised nucleon. Their polarisation asymmetry is 

l^±l 

VqyN+{x, k±) - Vqi/N+{x, k±) = cos(0fe - 0^) /i^i(x, fc^) . (4.7.13c) 

As we shall see in Sec. 6.5, the fe^-dependent distribution function /i^*-^ plays 
a role in the azimuthal asymmetries of semi-inclusive leptoproduction. 

4.8 T-odd distributions 

Relaxing the time-reversal invariance condition (4.1.4c) - we postpone 
the discussion of the physical relevance of this until the end of this subsection 
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y 

Fig. 11. Our definition of the azimuthal angles in the plane orthogonal to the 7*A^ 
axis. The photon momentum, which is directed along the positive z axis, points 
inwards. For our choice of the axes see Fig. 5. 

- two additional terms in the vector and tensor components of $ arise 

= ■ ■ ■ + ^ a; e^'P'' PukxpS^, , (4.1.7b") 
= ■ ■ ■ + ^ ^2 ^'^'^"^ Ppk±. , (4.1.7e") 

which give rise to two fc_L-dependent T-odd distribution functions, and 

$[-^l = ...-£2^Ai(x,fcl), (4.8.1a) 
$K+75] = . . . _ ^IhM. h^i^x, kl) . (4.8.1b) 

Let us see the partonic interpretation of the new distributions. The first 
of them, f^, is related to the number density of unpolarised quarks in a 
transversely polarised nucleon. More precisely, it is given by 

sm{^k-(ps)fM^,kl). (4.8.2a) 



M 



The other T-odd distribution, h^, measures quark transverse polarisation in 
an unpolarised hadron [16] and is defined via 

\k±\ 

VqyN{x, k±) - Vqi/N{x, k±) = — — sin(0fc - 0^) hj;{x, k\) . (4.8.2b) 
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We shall encounter again these distributions in the analysis of hadron produc- 
tion (Sec. 7.4). For later convenience we define two quantities A^/ and Aj^f, 
related to /f^ and hj^, respectively, by (for the notation see Sec. 1.2) 

Alfix, kl) ^ -2^^ f.^-^x, kl) , (4.8.3a) 
A° /(x, kl) ^ - ^ hUx, kl) . (4.8.3b) 

It is now time to comment on the physical meaning of the quantities 
we have introduced in this section. One may legitimately wonder whether T- 
odd quark distributions, such as and hi that violate the time-reversal 
condition (4.1.4c) make any sense at all. In order to justify the existence of T- 
odd distribution functions, their proponents [39] advocate initial-state effects, 
which prevent implementation of time-reversal invariance by naively imposing 
the condition (4.1.4c). The idea, similar to that which leads to admitting T- 
odd fragmentation functions as a result of final-state effects (see Sec. 6.4), is 
that the colliding particles interact strongly with non-trivial relative phases. 
As a consequence, time reversal no longer implies the constraint (4.1.4c). ^ If 
hadronic interactions in the initial state are crucial to explain the existence of 
/f^ and hi , these distributions should only be observable in reactions involving 
two initial hadrons (Drell-Yan processes, hadron production in proton-proton 
collisions etc.). This mechanism is known as the Sivers effect [40,41]. Clearly, 
it should be absent in leptoproduction. 

A different way of looking at the T-odd distributions has been proposed 
in [42-44]. By relying on a general argument using time reversal, originally 
due to Wigner and recently revisited by Weinberg [45], the authors of [44] 
show that time reversal does not necessarily forbid and hi. In particular, 
an explicit realisation of Weinberg's mechanism, based on chiral Lagrangians, 
shows that and hj- may emerge from the time-reversal preserving chiral 
dynamics of quarks in the nucleon, with no need for initial-state interaction 
effects. If this idea is correct, the T-odd distributions should also be observable 
in semi-inclusive leptoproduction. A conclusive statement on the matter will 
only be made by experiments. 



4-9 Twist-three distributions 



At twist 3 the quark-quark correlation matrix, integrated over k, has the 
structure [14] 



M 



^x) = ••• + — i e{x) + grix) j5$± + ^ h^x) 75 k 



(4.9.1) 



^ Thus "T-odd" means that condition (4.1.4c) is not satisfied, not that time reversal 
is violated. 
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Fig. 12. The quark-quark-gluon correlation matrix <I>^. 

where the dots represent the twist-two contribution, eq. (4.2.8), and p, n are 
the Sudakov vectors (see Appendix A). Three more distributions appear in 
(4.9.1): e(x), grix) and hi^x). We aheady encountered gri^), which is the 
twist-three partner of Af{x): 

f il (P^|^(0)7^5^(™)|P5) = 2A^ A/(a;)p^ + 2M gr^x) 5^ 
J Ztx 

+ twist-4 terms . (4.9.2a) 

Analogously, /il(x) is the twist-three partner of Axf{x) and appears in the 
tensor term of the quark-quark correlation matrix: 

[ e'™ {PS\^{0)ia'"'-f5H'rn)\PS) = 2ATfix) p'^S'^ + 2M Hl^x) p^^'n"^ 

+ twist-4 terms. (4.9.2b) 

The third distribution, e{x), has no counterpart at leading twist. It appears 
in the expansion of the scalar field bilinear: 

f— e'™ {PS\i}{0)^{Tn)\PS) = 2Me{x) + twist-4 terms. (4.9.2c) 
J 2tc 

The higher-twist distributions do not admit any probabilistic interpreta- 
tion. To see this, consider for instance grix). Upon separation of ip into good 
and bad components, it turns out to be 

^^^"^^ = ^ (^^l^(+)(0)7°7S5^(-)(0, r, 0±) 

- ^f_)(0)7°7S5^(+)(0, r, 0^)\PS) . (4.9.3) 

This distribution cannot be put into a form such as (4.3.6a, b). Thus gx 
cannot be regarded as a probability density. Like all higher-twist distributions, 
it involves quark-quark-gluon correlations and hence has no simple partonic 
meaning. It is precisely this fact that renders grix) and the structure function 
that contains grix), i.e., g2{x,Q'^), quite subtle and difficult to handle within 
the framework of parton model. 
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It should be borne in mind that the twist-three distributions in (4.9.1) 
are, in a sense, "effective" quantities, which incorporate various kinematical 
and dynamical effects that contribute to higher twist: quark masses, intrinsic 
transverse motion and gluon interactions. It can be shown [15] that e{x), Hl^x) 
and gT{x) admit the decomposition 

e(^) = ^^ + e», (4.9.4a) 

MX X 

^^^^^ = ^ + \ g^k^) + M^) , (4.9.4c) 

where we have introduced the weighted distributions 



hti'\x) ^ J d'k^ ^ hi,{x, kl) , (4.9.5a) 
gikx) ^ J d'k^ ^ gM^: kl) . (4.9.5b) 



The three tilde functions e{x), hL{x) and grix) are the genuine interaction- 
dependent twist-three parts of the subleading distributions, arising from non- 
handbag diagrams like that of Fig. 6. To understand the origin of such quan- 
tities, let us define the quark correlation matrix with a gluon insertion (see 
Fig. 12) 

^%j{k, k,P,S)^ J d^C J dS e'^-^ e'^'^-^)-^ 

x{PS\4>M9A^{^)MO\PS). (4.9.6) 

Note that in the diagram of Fig. 12 the momenta of the quarks on the left 
and on the right of the unitarity cut are different. We call x and y the two 
momentum fractions, i.e., 

k^xP, k^yP, (4.9.7) 
and integrate (4.9.6) over k and k with the constraints (4.9.7) 

^%ji^,y) = J^,J^,'^'Aikrk,P,S)6{x-kyP^)6{y-k^ 

^I^I^ "^'^^''^ (P^\M0)9A'M ct>iiTn)\PS) , (4.9.8) 

where in the last equality we set r = P~^C~ and rj — P'^z" , and n is the usual 
Sudakov vector. If a further integration over y is performed, one obtains a 
quark-quark-gluon correlation matrix where one of the quark fields and the 
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gluon field are evaluated at the same space-time point: 

^'Mj{x) = e'-(P5|0,.(O) gA^irn) Urn)\PS) . (4.9.9) 

The matrix $^(x, y) makes its appearance in the calculation of the had- 
ronic tensor at the twist-three level. It contains four multiparton distributions 
Ga, Ga, Ha and Ea] and has the following structure: 

+ Ha(x, y) Xn15i1^ + Ea(x, y) -(^^f) . (4.9.10) 

Time-reversal invariance imphes that Ga-, Ga-, Ha and Ea are real functions. 
By hermiticity Ga and Ha are symmetric whereas Ga and Ea are antisym- 
metric under interchange of x and y. 

It turns out that grix), hL{x) and e{x) are indeed related to Ga, Ga, Ha 
and Ea, in particular to the integrals over y of these functions. One finds, in 
fact, [46] 

xgT{x) = J dy[GA{x,y) + GA{x,y)], (4.9.11a) 
xhL{x)^2j dy Ha{x, y) , (4.9.11b) 
X e{x) = 2 J dy Ea{x, y) . (4.9.11c) 

For future reference we give in conclusion the T-odd twist-three quark- 
quark correlation matrix, which contains three more distribution functions 
[16,47] 

^(^)lT-odd = Y [Mx) 5x^.7. - iAiv eL{x) 75 + ^ h{x) [f, | , (4.9.12) 

We shall find these distributions again in Sec. 7.3.1. 

The quark (and antiquark) distribution functions at leading twist and 
twist 3 are collected in Table 2. 

4-10 Sum rules for the transversity distributions 

A noteworthy relation between the twist-three distribution hi and At/, 
arising from Lorentz covariance, is [48] 

hL{x) = At/(x) - ^ ht^'\x) . (4.10.1) 
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Table 2 

The quark distributions at twist 2 and 3. S denotes the polarisation state of the 
parent hadron (0 indicates unpolarised) . The asterisk indicates T-odd quantities. 



Quark distributions 







twist 2 fix) Afjx) Arfix) 
twist 3 e{x) hi,{x) grix) 

(*) hix) CLix) Mx) 



where h\^l^\x) has been defined in (4.9.5a). Combining (4.10.1) with (4.9.4b) 
and solving for h^^^P we obtain [14] (quark mass terms are neglected) 



hL{x) = 2x /' ^ AT/(y) + hL{x) - 2x C % hM . (4.10.2) 

Jx V Jx V 



IX y Jx y 

On the other hand, solving for leads to 



^'^r^' =^^Tf{x)-xhL{x). (4.10.3) 



If the twist-three interaction dependent distribution hL{x) is set to zero 
one obtains from (4.10.2) 



hi^{x)=2x f'^Arfiy), (4.10.4) 
Jx y 

and from (4.10.3) and (4.10.1) 

hti'\x)^~xhL{x)^-x' f%ATf{y). (4.10.5) 
z Jx y 

Equation (4.10.4) is the transversity analogue of the Wandzura-Wilczek (WW) 
sum rule [49] for the gi and g2 structure functions, which reads 

g^{x, Q') = -g,(x, Q') + [' ^ g,iy, Q') , (4.10.6) 

Jx y 

where g^^ is the twist- two part of g2- In partonic terms, in fact, the WW 
sum rule can be rewritten as (see (3.4.7)) 

gT{x)= r^A/(y), (4.10.7) 
Jx y 

which is analogous to (4.10.5) and can be derived from (4.9.4a) and from a 
relation for grix) similar to (4.10.1). 
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5 Transversity distributions in quantum chromodynamics 

As well-known, the principal effect of QCD on the naive parton model 
is to induce, via renormalisation, a (logarithmic) dependence on Q'^ [50-52], 
the energy scale at which the distributions are defined or (in other words) the 
resolution with which they are measured. The two techniques with which we 
shall exemplify the following discussions of this dependence and of the gen- 
eral calculational framework are the renormalisation group equations [53,54] 
(RGE) applied to the operator-product expansion [55] (OPE) (providing a 
solid formal basis) and the ladder-diagram summation approach [56, 57] (pro- 
viding a physically more intuitive picture). The variation of the distributions 
as functions of energy scale may be expressed in the form of the standard 
DGLAP so-called evolution equations. 

Further consequences of higher-order QCD are mixing and, beyond the 
leading logarithmic (LL) approximation, eventual scheme ambiguity in the 
definitions of the various quark and gluon distributions; i.e., the densities lose 
their precise meaning in terms of real physical probability and require further 
conventional definition. In this section we shall examine the evolution of 
the transversity distribution at leading order (LO) and NLO. In particular, 
we shall compare its evolution with that of both the unpolarised and helicity- 
dependent distributions. Such a comparison is especially relevant to the so- 
called Soffer inequality [38] , which involves all three types of distribution. The 
section closes with a detailed examination of the question of parton density 
positivity and the generalised so-called positivity bounds (of which Soffer 's is 
then just one example) . 

5.1 The renormalisation group equations 

In order to establish our conventions for the definition of operators and 
their renormahsation etc., it will be useful to briefly recall the RGE as apphed 
to the OPE in QCD. Before doing so let us make two remarks related to the 
problem of scheme dependence. Firstly, in order to lighten the notation, where 
applicable and unless otherwise stated, all expressions will be understood to 
refer to the so-called minimal modified subtraction (MS) scheme. A further 
complication that arises in the case of polarisation at NLO is the extension 
of 75 to (i 7^ 4 dimensions [58-60]. An in-depth discussion of this problem is 
beyond the scope of the present review and the interested reader is referred 
to [61], where it is also considered in the context of transverse polarisation. 

For a generic composite operator O, the scale independent so-called bare 
(O^) and renormalised {0{ijF')) operators are related via a renormahsation 
constant Z{ii'^), where /i is then the renormalisation scale: 

0{ii^) = Z-\i^^) O"" . (5.1.1) 

The scale dependence of 0(/x^) is obtained by solving the RGE, which ex- 
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pressed in terms of the QCD coupling constant, ag — 5'^/47r, is 



(5.1.2) 



where 7(Q;s(/i^)), the anomalous dimension for the operator 0{iJ,^), is defined 
by 

^ ' - - (5.1.3) 



7(as(/.^)) = /.^^lnZ(/.^) 
The formal solution is simply 



0{Q^) = 0(/x2) exp 



das—, — r 



(5.1.4) 



where (3{as) is the RGE function governing the rcnormalisation scale depen- 
dence of the effective QCD coupUng constant as{n^): 



djj? 



(5.1.5) 



At NLO the anomalous dimension 7(//^) and the QCD /3-function (5{as) can 
then be expanded perturbatively as 



7(«s) 
/5(«.) 



—a 



^(0) + 



27r 



47r ' 



7^^^ + 0{al 

2 



47r 



(5.1.6) 
(5.1.7) 



The first two coefficients of the function are: I3q = ^Cq — |Tf — 11 — |A^f 
and /3i = §(17C^ - lOCcTp - 6CFrF) = 102 - f A^f, where Cq = A^, and 
Cf = (A^ — l)/2Nc are the usual Casimirs related respectively to the gluon 
and the fermion representations of the colour symmetry group, SU(A'c), and 
Tf = |Af, for active quark flavour number Af. This leads to the following 
NLO expression for the QCD coupling constant: 



1 



47r /3olngVA2 [ /Jq^ InQVA 



1 



(3i InlngVA^ 



(5.1.8) 



where A is the QCD scale parameter. 

A generic observable derived from the operator O may be defined by 
fiQ"^) ~ {PS lO^Q"^)] PS). Inserting the above expansions into (5.1.4), the 
NLO evolution equation for f{Q^) = {O) is then obtained (note that the 
equations apply directly to O if it already represents a physical observable): 



231 



(0) 



'(3o + (3ias(Q^)/^7r' 
,/3o + /3iQ;,(At2)/47r 



(4jW 2-y(°)\ 
A 01 00 J 



(5.1.9) 
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which, to NLO accuracy, may be expanded thus 



27 



(0) 




(5.1.9') 



In order to obtain physical hadronic cross-sections at NLO level, the NLO 
contribution to / has then to be combined with the NLO contribution to the 
relevant hard partonic cross-section; indeed, it is only this combination that 
is fully scheme independent. 

It turns out that the quantities typically measured experimentally {i.e., 
cross-sections, DIS structure functions or, more simply, quark distributions) 
are related via Mellin-moment transforms to expectation values of compos- 
ite quark and gluon field operators. The definition we adopt for the Mellin 
transform of structure functions, anomalous dimension etc. is as follows: ^' ^ 

/(n)= [\xx^-'f{x). (5.1.10) 
Jo 

We may also define the Altarelli-Parisi [12] (AP) splitting function, P{x), 
as precisely the function of which the Mellin moments, eq. (5.1.10), are just 
the anomalous dimensions, 7(n). Note that P{x) may be expanded in powers 
of the QCD coupling constant in a manner analogous to 7 and therefore also 
depends on Q^. In x-space the evolution equations may be written in the 
following schematic form: 

fix, Q^) = P{x, Q') ® fix, Q') , (5.1.11) 



ding 

where the symbol (8) stands for a convolution in x, 



g{x)0f{x)= f'^g(^]f{y), (5.1.12) 



which becomes a simple product in MeUin-moment space. With these ex- 
pressions it is then possible to perform numerical evolution either via direct 
integration of (5.1.11) using suitable parametric forms to fit data, or in the 
form of (5.1.9') via inversion of the Mellin moments. 

The operators governing the twist- two ^ evolution of moments of the /i , gi 
and hi structure functions (in this section we shall use /i, g\ and h\ to generi- 



^ The definition with n— 1 replaced by n is also found in the literature. 

^ We choose to write n as an argument to avoid confusion with the label indicating 

perturbation order. 

There are, of course, possible higher-twist contributions too, but we shall ignore 
these here. 
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cally indicate Tinpolarised, helicity and transversity weighted parton densities 
respectively) are^ 

0^'{n)^S^-f'''iD''^ . .AD'^^i/j , (5.1.13a) 
0^'(n)^S^-f5-f^'iD^' . .AD^^ijj , (5.1.13b) 
O'^i(n) =5''0757''i7'^2iD''3 . .AD^'^i/j . (5.1.13c) 

where the symbol S conventionally indicates symmetrisation over the indices 
III, H2, ■ ■ ■ l^n while the symbol S' indicates simultaneous an^zsymmetrisation 
over the indices //i and //2 and symmetrisation over the indices //2, A*3, ■ ■ ■ A*n- 

5.2 QCD evolution at leading order 

The Q"^ evolution coefficients for fi and gi at LO have long been known 
while the LO Q'^ evolution for hi was first specifically presented in [18]. How- 
ever, the first calculations of the one-loop anomalous dimensions related to 
the operators governing the evolution of A^qlx, Q"^) date back, in fact, to 
early (though incomplete) work on the evolution of the transverse-spin DIS 
structure function g2 [62], which, albeit in an indirect manner, involves the op- 
erators of interest here. Mention (though again incomplete) may also be found 
in [63]. Following this, and with various approaches, the complete derivation 
of the complex system of evolution equations for the twist-three operators 
governing g2 was presented [35,64,65]. Among the operators mixing with the 
leading contributions one finds the following: 

0{n) = S'Tfi^-^r^Y^-i^AD^"^ . . . iD^-i/j , (5.2.1) 

where m is the (current) quark mass. It is immediately apparent that this 
is none other than the twist-two operator responsible for Aj-qix), multiplied 
here however by a quark mass and thereby rendered twist three — its evolution 
is, of course, identical to the twist-two version. 

For reasons already mentioned, see for example Eq. (4.5.9) and the dis- 
cussion following, calculation of the anomalous dimensions governing Ar?(x) 
turns out to be surprisingly simpler than for the other twist-two structure 
functions, owing to its peculiar chiral-odd properties. Indeed, as we have seen, 
the gluon field cannot contribute at LO in the case of spin-half hadrons as 
it would require helicity flip of two units in the corresponding hadron-parton 
amplitude. Thus, in the case of baryons the evolution is of a purely non-singlet 
type. Note that this is no longer the case for targets of spin greater than one 
half and, as pointed out in [18], a separate contribution due to linear gluon 
polarisation is possible; we shall also consider the situation for spin-1 mesons 
and/or indeed photons in what follows. 

In dimensional regularisation {d — A — e dimensions) calculation of the 
anomalous dimensions requires evaluation of the 1/e poles in the diagrams 

^ All composite operators appearing herein are to be considered implicitly traceless. 
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depicted in Fig. 13 (recall that at this order there is no scheme dependence). 
Although not present in baryon scattering, the linearly polarised gluon distri- 
bution, ^tQ-i can contribute to scattering involving polarised spin-1 mesons. 
Thus, to complete the discussion of leading-order evolution, we include here 
too the anomalous dimensions for this density. For the four cases that are di- 
agonal in parton type (spin-averaged and helicity- weighted [12]; transversity 
and linear gluon polarisation [18]) one finds in Mellin-moment space: 



7gg(n) = Cf 



1 "1 

1. 2 V - 

2 ' n(n + l) ^tlJ 



+ 



3 



(5.2.2a) 
(5.2.2b) 



n 1 

-21:- 

2 



n(n + l) ' 



11 "1 
6n ,tlJ 



(5.2.2c) 
(5.2.2d) 



The equality expressed in eq. (5.2.2b) is a direct consequence of fermion- 
helicity conservation by purely vector interactions in the limit of negligible 
fermion mass. 

The first point to stress is the commonly growing negative value, for 
increasing n, indicative of the tendency of all the x-space distributions to 
migrate towards a; = with increasing Q^. In other words, evolution has 
a degrading effect on the densities. Secondly, in contrast to the behaviour 
of both q and Ag, the anomalous dimensions governing Axq do not vanish 
for n = and hence there is no sum rule associated with the tensor charge 
[14]. Moreover, comparison to Ag reveals that l^Tlqq{n) < Ajgq{n) for all 
n. This implies that for (hypothetically) identical starting distributions {i.e., 
ATqiXjQl) = Aq{x,Ql)), AxqiXjQ"^) everywhere in x will fall more rapidly 
than Aq{x, Q^) with increasing Q^. We shall return in more detail to this point 
in Sec. 5.5. 

For completeness, we also present the AP splitting functions (i.e., the 
a;-space version of the anomalous dimensions) 7(n) = Jq da;x"~^P(a;), for the 
pure fermion sector: 
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(a) (b) 

Fig. 13. Example one-loop diagrams contributing to the 0{cts 
sions of AtQ- 



anomalous dimen- 



I — X 



A p(0) ^ p(0) 

qg 99 ' 
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1 + 

1 — x 



l + x 



Pf^{z)-C^{l-z) 



(5.2.3a) 
(5.2.3b) 

(5.2.3c) 



where the "plus" regularisation prescription is defined in Appendix C in 
eq. (C.l) and we also have made use of the identity given in eq. (C.2). Nat- 
urally, the plus prescription is to be ignored when multiplying functions that 
vanish at x = 1. Once again, the inequality AxPg^ < ^Pq^ is manifest for 
all X < 1, indeed, one has 



APW(x)l - A^P?)(x) = Cf(1 - x) > . 



(5.2.4) 



The non-mixing of the transversity distributions for quarks, Ati?, and 
gluons, Arf?, is afforded a physical demonstration via the ladder- diagram sum- 
mation technique. In Fig. 14 the general leading-order one-particle irreducible 
(IPI) kernels are displayed. If the four external lines are all quarks {i.e., a 
gluon rung, see Fig. 14a), the kernel is clearly diagonal (in parton type) and 
therefore contributes to the evolution of A-^g. For the case in which one pair of 
external lines are quarks and the other gluons (i.e., a quark rung, see Figs. 14b 
and c), helicity conservation along the quark line in the chiral limit implies a 
vanishing contribution to transversity evolution. Likewise, the known proper- 
ties of four-body amplitudes, namely t-channel helicity conservation, preclude 
any contribution that might mix the evolution of A^g and ^tQ- 

The same reasoning clearly holds at higher orders since the only manner 
for gluon and quark ladders to mix is via diagrams in which an incoming 
quark line connects to its Hermitian-conjugate partner. Thus, quark-helicity 
conservation in the chiral limit will always protect against such contributions. 

Before continuing to NLO, a comment is in order here on the recent debate 
in the literature [66-68] regarding the calculation of the anomalous dimensions 
for hi and the validity of certain approaches. The authors of [66] attempted to 
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(a) (b) (c) 

Fig. 14. The IPI kernels contributing to the 0{as) evolution of Axq in the axial 
gauge. 

calculate the anomalous dimensions relevant to hi exploiting a method based 
on [69] . The motivation was that use of so-called time-ordered or old-fashioned 
perturbation theory in the Weizsacker-Williams approximation [70, 71] (as 
adopted in, e.g., [18]) encounters a serious difficulty: it is only applicable to 
the region x < 1 while the end-point (x = 1) contributions cannot be evaluated 
directly. Where there is a conservation law {e.g., quark number), then appeal to 
the resulting sum rule allows indirect extraction at this point (the common 6- 
function contribution) . In the case of transversity no such conserved quantum 
number exists and one might doubt the validity of such calculations. Indeed, 
the claim in [66] was that direct calculation, based on a dispersion relation 
approach, yielded a different result to that reported in eq. (5.2.3c) above. 

A priori, from a purely theoretical point of view, such an apparent dis- 
crepancy is hard to credit: were it real, it would imply precisely the type of 
ambiguity to which the singularity structure of the theory on the light-cone is 
supposedly immune. In [66] the anomalous dimensions are calculated via the 
one-loop corrections to the Compton amplitude or classic handbag diagram 
{e.g., see Fig. 4 with on-shell external quark states and no lower hadronic blob). 
In order to mimic the required chiral structure, one of the upper vertices is 
taken to be 757^ and the other 7^^ or 1 for gi or hi respectively. The results for 
gi are in agreement with other approaches while the anomalous dimensions for 
hi differ in the coefficient of the (5-function contribution. What immediately 
casts doubt on such findings is the fact that in a physical gauge, as used for 
example in the ladder- diagram summation approach [56, 57] mentioned ear- 
lier, precisely all such vertex corrections are in fact absent (to this order in 
QCD). Moreover, it is just this property that gives rise, in that approach, to 
the universal short- distance behaviour, independent of the particular nature 
of the vertices involved. 

Various cross checks of these potentially disturbing findings have been 
performed [67, 68] with the conclusion that the original calculations are after 
all correct. In particular, Bliimlein [68] has produced a very thorough appraisal 
of the situation. Moreover, he has uncovered a fatal conceptual oversight: the 
scalar current is not conserved. ^ To appreciate the relevance of this obser- 

^ We are particularly grateful to Johannes Bliimlein for illuminating discussion on 
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vation let us briefly recall the salient points of the RGE approach (for more 
detail the reader is referred to [68]). 

A product of two currents (as in the peculiar Compton amplitude under 
consideration) may be expanded as 

M^)h{0) = E C{n; z) 0{n; 0) , (5.2.5) 

n 

where typically then ji = jv,A {i-e., vector or axial vector currents) but here 
a scalar current js must be introduced. The RGE for the Wilson coefficients 
C(n; z) is 

V + ^j,{g) + jj,{g) - 7o(n; g)] C{n; z) ^ , (5.2.6) 

where 'Jjiig) and 7o(^; 9) are the anomalous dimensions of the currents ji and 
the composite operators 0{n) respectively, and (neglecting quark masses) the 
RG operator is defined as 

Thus, the LL corrections to the Compton amplitude have coefficients 

icin; g) = 7ji(^) + 132{9) - lo{n] g) . (5.2.8) 

The point then is that while in the better-known spin-averaged and helicity- 
weighted cases 7j. = for both currents (axial and/or vector), the scalar 
current necessary for the transversity case is not conserved and 7^^ 7^ 0. Thus, 
in contrast to the former, 7c and —70 do not coincide in the calculation for 
hi . The discrepancy in [66] is due precisely to the neglect of 7^^ . 



5.3 QCD evolution at next-to-leading order 



Rehable QCD analysis of the sort of data samples we have come to expect 
in modern experiments requires full NLO accuracy. For this it is necessary to 
calculate both the anomalous dimensions to two-loop level and the constant 
terms {i.e., the part independent of InQ^) of the so-called coefficient function 
(or hard-scattering process) at the one-loop level, together, of course, with the 
two-loop /3-function. 

The two-loop anomalous-dimension calculation for hi has now been pre- 
sented in three papers: [72, 73] using the MS scheme in the Feynman gauge 
and [74] using the MS scheme in the light-cone gauge. These complement the 
earlier two-loop calculations for the better-known twist-two structure func- 
tions: /i [75-81] and g-i [82-84]. Such knowledge has been exploited in the 
past for the phenomenological parametrisation of /i [85-87] and gi [88-90] in 

this point. 
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order to perform global analyses of the experimental data; and will certainly 
be of value when the time comes to analyse data on transversity. 

The situation at NLO is still relatively simple, as compared to the unpo- 
larised or helicity-weighted cases. Examples of the relevant two-loop diagrams 
are shown in Fig. 15. It remains impossible for the gluon to contribute, for the 
reasons already given. The only complication is the usual mixing, possible at 
this level, between quark and antiquark distributions, for which quark helicity 
conservation poses no restriction since the quark and antiquark lines do not 
connect directly to one another, see Fig. 15d. 




It is convenient to introduce the following combinations of quark transver- 
sity distributions (the ± subscript is not to be confused with helicity): 

ATq±{n) = Arqin) ± Arqin) , (5.3.1a) 
Aruin) = Arq+in) - Arq'^n) , (5.3.1b) 

ATS(n)=^Arg+(n), (5.3.1c) 
<? 

where q and q' represent quarks of differing flavours. The specific evolution 
equations may then be written as {e.g., see [91]) 

^ ATg„(n,Q2) = AT7,,,-(ri,«.(Q'))ATg_(r2,g2), (5.3.2a) 



dlnQ2 

^j^Arg+(n, Q^) = At^.A^, «.(Q')) Arg+(n, Q^) , (5.3.2b) 
^ ATE(n,Q2) = AT7ss(ri,as(Q'))ATE(n,Q'), (5.3.2c) 



ding 
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Note that the first moment (n = 1) in cq. (5.3.2a) corresponds to evolution 
of the nucleon's tensor charge [14, 19, 92]. The sphtting functions A'jp7g^ -|- 
and At7se have expansions in powers of the coupling constant that take the 
following form: 

Arluin, a,) = (^) A^tJ? W + (^)' A^7?^(n) + . . . , (5.3.3) 

where {ii} = {qq,±}, {SE} and we have taken into account the fact that 
AT7gg,+, AT'jqq- and AtJ-ej: are all equal at LO. It is convenient then to 
introduce [91] 



AT7S±(ri) = At7S) (^) ± ^ttS^ in) , 



Ar^^lin) = A^7^;;+(rz) + A^7^;;p5(^) ■ 



(1) 



(5.3.4a) 
(5.3.4b) 



Since it turns out that Ax^jql^^psin) — 0, the two evolution eqs. (5.3.2b, c) may 
be replaced by a single equation: 

d 



dlng2 



ATg+(n, Q') = AT7<zg,+(n, a.(g')) ATg+(n, Q') 



(5.3.2b') 



The formal solution to eqs. (5.3.2a) and (5.3.2b') is well-known {e.g., 
see [93]) and reads 



ATg±(n,g' 



1 + 



AT7S±(n) - ^AtJ, 



Pi 



4?' 



n] 



ATq±{n,Ql) , 



(5.3.5) 



with the input distributions ATq±{n,Ql) given at the input scale Qq. Of 
course, the corresponding LO expressions may be recovered from the above 



expressions by setting the NLO quantities, At^/1^\ and /3i, to zero. 
In the MS scheme the 'y^^^n) relevant to hi are as follows: 



ATi!^^{n) = Cm 



2 I 3 



n(n+l) '"n 



3S2{n) - 4Si{n) [^2(71) - 5^f) 



-8^(n) + 5^f)} 
+ I^FiVe - - ^-fSiin) + fS,{n) 

+ ASi{n) [2S2{n) - S'^ (f )] + SS{n) - S', (f ) | 
+ |CfTf {-i + f 5i(n) - 252(n)| , (5.3.6) 



10 



Note that |5'i(n) in the second line of (A. 8) in [77] should read iSs{n). 
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where 77 = ± and the S functions are defined by 

n 

Sk{n) = Y.r\ (5.3.7a) 

rt 

'5Ut) = 2^E r\ (5.3.7b) 

J =2, even 
n 

S{n) = Y.{-iyS,{j)r\ (5.3.7c) 

i=i 

In Fig. 16 we show the n dependence of the two-loop anomalous dimen- 
sions (as presented in [72] ). From the figure, one clearly sees that for n small, 
^Tl^^\n) is significantly larger than ^^^\n) but, with growing n, very quickly 
approaches ^^^\n) while maintaining the inequality Ar7^^)(n) > ^^^\n). For 
the specific moments n = 1 (corresponding to the tensor charge) and n — 2, 
we display the variation in Fig. 17 



300 



200 



100 





Nf=3 

- 



Nf=5 



8 4*" 

O A 



0.7 

o 

^ 0.6 



§ 0-5 
J^'' 0.4 



I 

(N 



cd: 0-3 



0.2 



10 



20 30 



0.1 
0.0 



' 1 ' 1 






N, = 5 









0°° 




-° N,= 3 


fi - 


• 

1 , 1 


hi - 

■ 



10 



20 n 30 



(a) 



(b) 



Fig. 16. Comparison between /i and hi of the variation with n of (a) the two-loop 
anomalous dimensions for Nf = 3 (circles) and 5 (triangles), and (b) the com- 
bination 7(i)(n)/2/3i - 7W(n)/2/?o for Nf = 3 and 5; from [72]. 



To express the corresponding results in x space it is convenient to intro- 
duce the following definitions: 

According to the convention adopted for the moments in [72], n = there corre- 
sponds to ra = 1 in the present report 

In order to avoid confusion with the tensor-charge anomalous dimensions, the 
notation adopted here corresponding to AtR^^^ (x) is different than that commonly 
adopted. 
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Fig. 17. The LO and NLO Q^-evolution of (a) the tensor charge and (b) the sec- 
ond moments of hi{x,Q'^) and fi{x,Q'^) (both are normahsed at = IGeV^), 
from [72]. 
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(5.3.8) 



l+a: 



d^; , / 1 — ^ 

— m 

z \ z 



= -2Li2(-a;) - 21nxln(l + ,x) + \\n^ x - i7^^ (5.3.9) 
where lA2{x) is the usual dilogarithm function. In the MS scheme, defining 

ATPiiL(x) = ^tPS^{x) ± /\tP^^{x) , (5.3.10) 
c/. eq. (5.3.4a), one then has 

ATP£)(a;) = C| (l - a; - [| + 21n(l - x)] hix /\tR^'^\x) 



+ 



|-i7r2 + 6C(3) 8{l-x) 



+ \C^Cg { - (1 - x) + [f + ^ In x + W x - Itt'I ATi?(°^ {x) 



+ 



17 _|_ 11^2 
12 ~'~ 9 



In X - I 



^tP^^{x)=cAc^-\Cg 



7r^-6C(3)J 5{l-x) 
AtR^°\x) 

\ + l7r^]6{l-x)Y (5.3.11a) 

(1 - x) + 2S2{x) AtR^^\-x)\ , (5.3.11b) 
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where C(3) ~ 1.202057 is the usual Ricmann Zeta function. Note that the plus 
prescription is to be ignored in AtR'^'^^—x). 

To complete this section we also report on the corresponding NLO cal- 
culation for linear (transverse) gluon polarisation [94]. As already noted, AtQ 
is precluded in the case of spin-half hadrons - it may, however, be present in 
objects of spin one, such as the deuteron or indeed even the photon [95]. 



f2 



(§ + I In^ x - 2 In x ln(l - x) - ivr^) AtR^^^ (x) 
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mi-x) 



(5.3.12) 



The corresponding expression in Mellin-moment space for the anomalous di- 

13 



mensions is 



— C-pTp 



+ 
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2(n-l)(n+2) 



■l + f S,{n) 



+ S^in) (25;(|)-f)+l4(n)_4^(^) 



1 



(n-l)(n+2) 



n(n+l) 
(n-l)(n+2) • 



(5.3.13) 



As noted in [94] the result for the part ~ CfTf in (5.3.12) was presented in [95] 
for the region x < 1 (corresponding to the two-loop splitting function for 
linearly polarised gluons into photons). However, the two calculations appear 
to be at variance: the results of [95] imply a small-x behaviour of (^(l/a;^) for 
the relevant splitting function, which would then be more singular than the 
unpolarised case. 

There are two aspects of the splitting function (5.3.12) that warrant par- 
ticular comment. Firstly, the small-x behaviour changes significantly on going 
from LO to NLO. At LO, the splitting function is 0{x) for x — > whereas at 
NLO there are 0{l/x) terms (as in the unpolarised case): we have 

AtP^I\x) ^ (n^ + 2N,Tf - ACfTf) + 0(x) (x ^ 0) . (5.3.14) 

Notice that all logarithmic terms ~a; In^ x cancel in this limiting region. 

The second comment regards the so-called supersymmetric limit: namely 
Cf — Nc — 2Tf [65] , which was investigated for the unpolarised and longitu- 
dinally polarised NLO sphtting functions in [82-84,96], for the time-like case 
in [97] and for the case of transversity in [94] . In the supersymmetric limit the 



We are very grateful to Werner Vogelsang for providing us with the exact expres- 
sion. 
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LO splitting functions for quark transversity and for linearly polarised gluons 
are equal [18,95]: 



+ -5(1-0:) 



(1-x) 



+ 



APfXx). (5.3.15) 



Hence, we may consider linear polarisation of the gluon as the supersymmetric 
partner to transversity (see also [65]). Indeed, as was natural, we have already 
applied the terminology without distinction to spin-half and spin-one. 

In [94] the check was performed that the supersymmetric relation still 
holds at NLO. To do so it is necessary to transform to a regularisation scheme 
that respects supersymmetry, namely dimensional reduction. As noted in [94] 
the transformation is rendered essentially trivial owing to the absence of 0(e) 
terms in the d-dimensional LO splitting functions for transversity or linearly 
polarised gluons at a; < 1; such terms are always absent in dimensional re- 
duction but may be present in dimensional regularisation. Thus, at NLO the 
results for the splitting functions for quark transversity - see eqs. (5.3.11a, b) 
- and for linearly polarised gluons, eq. (5.3.12), automatically coincide for 
X < 1 with their respective MS expressions in dimensional reduction. These 
expressions may therefore be immediately compared in the supersymmetric 
limit and indeed for Cp = Nc = 2Tf 

AtP^IU^) ^ A^PW (x) {x<l). (5.3.16) 

Note, in addition, that the supersymmetric relation is trivially satisfied for 
X — 1; see [83,84], where the appropriate factorisation-scheme transformation 
to dimensional reduction ior x — 1 is given. 



5.4 Evolution of the transversity distributions 



The interest in the effects of evolution in the case of transversity is two- 
fold: first, there is the obvious question of the relative magnitude of the dis- 
tributions at high energies given some low-energy starting point {e.g., a non- 
perturbative model calculation, for a detailed discussion and examples see 
Sec. 8) and second is the problem raised by the Soffer inequality. It is to the 
first that we now address our attention while we shall deal with latter shortly. 

Let us for the moment simply pose the question of the effect of QCD 
evolution [72,74,94,98-112] on the overall magnitude of the transversity den- 
sities that might be constructed at some low-energy scale. As already noted 
above, there is no conservation rule associated with the tensor charge of the 
nucleon (c/. the vector and axial- vector charges) and, indeed, the sign of the 
anomalous dimensions at both LO and NLO is such that the first moment of 
hi falls with increasing Q^. Thus, one immediately deduces that the tensor 
charge will eventually disappear in comparison to the vector and axial charges. 
Such behaviour could have a dramatic impact on the feasibility of high-energy 
measurement of hi and thus requires carefully study. 
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A analytic functional form for the LO anomalous dimensions governing 
the evolution of hi is 



AT7^°n^) = |{|-2[V'(n+l)+7E]}, 



(5.4.1) 



where V'(^) — ^ ^'dz^^'* ^'^'^ digamma function and 7e = 0.5772157 is the 
Euler-Mascheroni constant. Since At7''°-'(1) = — |, the first moment of hi 
and the tensor charges, 6q = Jq dx {Axq — ^tq), decrease with as 




-2AT7f„\l)//3o 



Sq{Ql) 



-4/27 



Sq{Ql) , 



(5.4.2) 



where, to obtain the second equality, we have set A^f = 3. Despite the smallness 
of the exponent, —4/27, we shall see that the evolution of Arq^x, Q'^) is rather 
different from that of the helicity distributions Aq{x, Q"^), especially for small 
X. At NLO this becomes 



Sq{Q' 
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1 + 
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Sq{Ql) 
(5.4.3) 



where in the second equality we have used 



181 13 



(5.4.4) 



and we have once again set Af = 3. 

Recall that the first moments of the q ^ qg polarised and unpolarised 
splitting functions, vanish to all orders in perturbation theory and that the 
g ^ qq polarised anomalous dimension A'-fgg{l) is zero at LO; thus, Aq{Q'^) is 
constant. This can be seen analytically by the following argument [99] based 
on the double-log approximation. The leading behaviour of the parton distri- 
butions for small x is governed by the rightmost singularity of their anomalous 
dimensions in Mellin- moment space. From eq. (5.4.1) we see that this singu- 
larity is located at n = — 1 for Arq at LO. Expanding ATj{n) around this 
point gives 



ATj{n) 



3(n + l) 



+ o{i). 



(5.4.5) 
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Equivalently, in x-space, expanding the splitting function ArP in powers of x 
yields 

ArP(x) ~ -X + 0{x^) . (5.4.6) 

In contrast, the rightmost singularity for Ag in moment space is located at 
n = and the splitting functions APgg and APg^ behave as constants as a; — 0. 
Therefore, owing to QCD evolution, AtQ' acquires and an extra suppression 
factor of one power of x with respect to Ag at small x. We note too that 
at NLO the rightmost singularity for A^-gr is located at n = 0, so that NLO 
evolution renders the DGLAP asymptotics for x — > in the case of transversity 
compatible with Regge theory [113]. 

As mentioned earlier, this problem may be investigated numerically by 
integrating the DGLAP equations (5.1.11) with suitable starting input for hi 
and ^1. As a reasonable trial model one may assume the various A^g and Ag 
to be equal at some small scale Qq then allow the two types of distri- 
butions to evolve separately, each according to its own evolution equations. 
The input hypothesis ATq{x, Qq) = Aq{x, Qq) is suggested by various quark- 
model calculations of AtQ and Aq [14,98] (see also Sec. 8 here), in which 
these two distributions are found to be very similar at a scale Qq < 0.5 GeV^. 
For Aq{x,Ql), we then use the leading-order Gliick-Reya- Vogelsang (GRV) 
parametrisation [114], whose input scale is Qq = 0.23 GeV^. The result for the 
M-quark distributions is shown in Fig. 18 (the situation is similar for the other 
flavours). The dashed line is the input, the solid line and the dotted line are 
the results of the evolution of Atu and Ait, respectively, at Q'^ — 25 GeV^. For 
completeness, the evolution of Atu when driven only by Pqq - i.e., with the 
AtP term turned off, see eq. (5.2.3c) - is also shown (dot-dashed line). The 
large difference in the evolution of A^u (solid curve) and Au (dotted curve) 
at small x is evident. Note also the difference between the correct evolution 
of Atu and the evolution driven purely by Pqq (dot-dashed curve). 

As a further comparison of the behaviour of hi and gi, in Figs. 19 (a) 
and (b) we display the LO and NLO Q^-evolution of AtU and Au, starting 
respectively from the LO and NLO input function for Au given in [88] for = 
0.23 and 0.34 GeV^. Although LO evolution leads to a significant divergence 
between Atu and Au at — 20GeV^, this tendency is strengthened by 
the NLO evolution, in particular, in the small-x region. Although the evolution 
of Au shown in Fig. 19 is affected by mixing with the gluon distribution, the 
non-singlet quark distributions also show the same trend. 

In Fig. 20, we compare the NLO Q^-evolution of Atu, Axd and Am, 
starting from the same input distribution function (the NLO input function 
for the sea-quark distribution to gi given in [88]). The difference between 
AtU and A-u is again significant. Although the input sea-quark distribution 
is taken to be flavour symmetric {Atu = Ard at = 0.34 GeV^), NLO 
evolution violates this symmetry owing to the appearance of ATPq^^ - see 

Such a difference was also pointed out in [100] . 
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Fig. 18. Evolution of the helicity and transversity distributions for the u flavour [99]. 
The dashed curve is the input Atu = Au at Qq = 0.23 GeV^ taken from the 
GRV [114] parametrisation. The solid (dotted) curve is Atu (An) at = 25GeV^. 
The dot-dashed curve is the result of the evolution of A^n at Q2 = 25GeV2 driven 
by Pqq, i.e., with the term AtP in Ph turned off. 
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Fig. 19. Comparison of the Q^-evolution of Atu{x,Q^) and Au{x,Q'^) at (a) LO 
and (b) NLO, from [72]. 

(5.3.11b). However, this effect is very small, as is evident from Fig. 20 and 
discussed in [105]. 



5. 5 Evolution of the Soffer inequality and general positivity constraints 

Particular interest in the effects of evolution arises in connection with the 
Soffer inequality [38], eq. (4.6.6). It has been argued [115] that this inequality, 
which was derived within a parton model framework, may be spoilt by radia- 
tive corrections, much as the Callan-Gross relation. Such an analogy, however. 
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Fig. 20. Comparison of the NLO Q^-evolution of ATw(a;,Q^), Arii(x,Q^) and 
Au{x,Q^), from [72]. 

is somewhat misleading, since the Soffer inequahty is actually very similar to 
the more familiar positivity bound |Ag(a;)| < q{x). The LO evolution of the 
inequality is governed by eq. (5.2.4) and hence it is not endangered, as pointed 
out in [99]. At NLO the situation is complicated by the well-known problems 
of scheme dependence etc. 

Indeed, it is perhaps worth remarking that the entire question of positiv- 
ity is ill-defined beyond LO, inasmuch as the parton distributions themselves 
as physical quantities become ill-defined: a priori there is no guarantee in a 
given scheme that any form of positivity will survive higher-order corrections. 
This observation may, of course, be turned on its head and used to impose 
conditions on the scheme choice such that positivity will be guaranteed [116]. 
At any rate, if this is possible then at the hadronic level any natural positiv- 
ity bounds should be respected, independently of the regularisation scheme 
applied. 

An instructive and rather general manner to examine the problem is to 
recast the system of evolution equations into a form analogous to the Boltz- 
mann equation [101]. First of all, let us rewrite eq. (5.1.11) in a slightly more 
suggestive form for the non-singlet case: 



dt 



dy 

y 



X 



Q{y,t) , 



(5.5.1) 



where t = \nQ'^. One may thus interpret the equation as describing the time, 
t, evolution of densities, f{x,t), in a one-dimensional x space. The flow is 
constrained to run from large to small x owing to the ordering x < y under 
the integral. Such an interpretation facilitates dealing with the infrared (IR) 
singularities present in the expressions for P{x). Indeed, a key element is 
provided by consideration of precisely the IR singularities [117, 118]. 
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Let us now rewrite the plus regularisation in the following form: 



P+(x, t) = P{x, t) - 6{1 -x)C ^ P{y, t) , 

Jo y 



(5.5.2) 



which then permits the evolution equations to be rewritten as 



dt 



Jx y \y J Jo 



r ^ q{y, t)p(-,t]- q{x, t) [' dy P{y, t) . (5.5.3) 



Reading the second term as describing the flow of partons at the point x [117], 
the kinetic interpretation is immediate. It is useful to render the analogy more 
direct by the change of variables y ^ y/x in the second term, leading to the 
following more symmetric form: 



In this fashion the equation has been translated into a form analogous to the 
Boltzmann equation: namely. 



where the one-dimensional analogue of the Boltzmann "scattering probability" 
may be defined as 



Cancellation of the IR divergencies between contributions involving real and 
virtual gluons is therefore seen to occur as a consequence of the continuity 
condition on "particle number"; i.e., the equality of flow in and out in the 
neighbourhood of y = x in both terms of eq. (5.5.5). 

In the spin-averaged case the particle density (at some initialisation point) 
is positive by definition. Now, the negative second term in eq. (5.5.5) cannot 
change the sign of the distribution because it is "diagonal" in x, i.e., it is 
proportional to the function at the same point x. When the distribution is 
sufficiently close to zero, it stops decreasing. This is true for both "plus" and 
6{l—x) terms, for any value of their coefficients (if positive, it only reinforces 
positivity of the distribution). 

Turning next to the spin- dependent case, for simplicity we consider first 
the flavour non-singlet and allow the spin-dependent and spin-independent 
kernels to be different, as they indeed are at NLO. Rather than the usual he- 
licity sums and differences, it turns out to be convenient to cast the equations 
in terms of definite parton helicities. Although such a form mixes contribu- 
tions of different helicities, the positivity properties emerge more clearly. We 
thus have 




(5.5.4) 




(5.5.5) 




(5.5.6) 
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dq+{x,t) 
dt 

dg_ t) 
dt 



P++{x,t) ^ q+{x,t) + P+_{x,t) (5.5.7a) 
: t) q+{x, t) + P++{x, t) ® q^{x, t) , (5.5.7b) 



where P+^(z,t) = ^[P{z,t) ± AP(z, t)] are the evolution kernels for helicity 
non-flip and flip respectively. For x < y, positivity of the initial distributions, 
q±{x,to) > or \Aq{x,to)\ < q{x,to), is preserved if both kernels P+_|_ are 
positive, which is true if 



\AP{z,t)\ < P{z,t) {z<l) 



(5.5.8) 



Terms that are singular at z = 1 cannot alter positivity as they only appear 
in the diagonal (in helicity) kernel, P++; non- forward scattering is completely 
IR safe. Once again in the kinetic interpretation, the distributions g+ and g_ 
stop decreasing on approaching zero. 

To extend the proof to include the case in which there is quark-gluon 
mixing is trivial — wc need the full expressions for the evolutions of quark and 
gluon distributions of each helicity: 



dq+{x:t) 
dt 

dq-{x,t) 

dt 
dt 

dg-{x,t) 



= P 



+ P 



19 
++ 



Pit 



pgq 



+ P'' 



++ 



dt 



Pf_ 



+ P 
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X, t) g+(,x\ t) + P+_{x, t) q_{x, t) 

x,t) (g) g+{x,t) +Plt{x,t) (g) g-{x,t) , (5.5.9a) 

X, t) ® q+ {x, t) + Pl% (,x, t) q_ {x, t) 

X, t) ® g+{x, t) + Pl%{x, t) g_{x, t) , (5.5.9b) 

X, t) ® q+ {x, t) + Pf_ (x, t) ® g_ (x, t) 

X, t) ® g+{x, t) + P^l(a;, t) O g_{x, t) , (5.5.9c) 



{x,t) ^ q+{x,t) + Pl\{x,t) ^ q^{x,t) 

(x, t) ® g+{x, t) + Pi^+{x, t) ® g- {x, t) . (5.5.9d) 

Since inequality (5.5.8) is clearly valid separately for each type of parton [116], 

\APij{z,t)\ < Pij{z,t) {z < 1, i,j ^q,g), (5.5.10) 

all the kernels appearing on the r.h.s. of this system, are positive. With regard 
to the singular terms, they are again diagonal (in parton type here) and hence 
cannot affect positivity. The validity of the equations at LO is guaranteed via 
their derivation, just as the (positive) helicity-dependent kernels were in fact 
first calculated in [12]. At NLO, the situation is more complex [116]. 

To conclude, the maintenance of positivity under evolution has two 
sources: (a) inequalities (5.5.10), leading to the increase of distributions and 
(b) the kinetic interpretation of the decreasing terms. For the latter, it is 
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crucial that they are diagonal in helicity and also parton type, which is a 
prerequisite for their IR nature. 

We now finally return to the Sofi^er inequality: in analogy with the previ- 
ous analysis, it is convenient to define the following "super" distributions 



Q+ix) = q+ix) + Arg(a;), 
Q-{x) = q+{x) - Axqix) . 



(5.5.11a) 
(5.5.11b) 



According to the Soffer inequality, both distributions are positive at some scale 
(say Qq) and the evolution equations for the non-singlet case take the form 
(henceforth the argument t will be suppressed) 



= P^+(x) ® Q+{x) + p2-{x) ®Q.{x), 



= p2-{x) ® Q^{x) + p2+{x) ® Q4x)) , 



(5.5.12a) 
(5.5.12b) 



where the "super" kernels at LO are just 



:i + z) 



= |Cp(l-z). 



+ 35(1-^) 



(5.5.13a) 



(5.5.13b) 



One can easily see, that the inequahties analogous to (5.5.10) are satisfied, 
so that both p2_^_{z) and P+-{z) are positive for z < 1, while the singular term 
appears only in the diagonal kernel. Thus, both requirements are fulfilled and 
the Soffer inequality is maintained under LO evolution. The extension to the 
singlet case is trivial owing to the exclusion of gluon mixing. Therefore, only 
evolution of quarks is affected, leading to the presence of the same extra terms 
on the r.h.s., as in eqs. (5.5.9a): 



= (x) ® g+ (x) + p^_ (x) ® Q_ (x) 

+ Pf.{x) ® G+{x) + Pf+{x) ® G4x) , 
= P^_(x) ® Q+ix) + p2+{x) ® Q4x) 



(5.5.14a) 



+ Pl^{x)®G+{x) + Pl%{x)®G4x), (5.5.14b) 

which are all positive and singularity free; this concludes the demonstration 
that positivity is indeed preserved. 
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6 Transversity in semi-inclusive leptoproduction 

While it is usual to adopt DIS as the defining process and point of refer- 
ence when discussing distribution functions, as repeatedly noted and explicitly 
shown in Sec. 3, the case of transversity is somewhat special in that it does 
not appear in DIS. However, owing to the topology of the contributing Feyn- 
man diagrams, transversity does play a role in semi-inclusive DIS, owing to 
the presence of two hadrons: one in the initial state and the other in the final 
state [17,18,20,119-122]. This process is the subject of the present section. 

6.1 Definitions and kinematics 

Semi-inclusive - or, to be more precise, single-particle inclusive - lepto- 
production (see Fig. 21) is a DIS reaction in which a hadron h, produced in 
the current fragmentation region, is detected in the final state (for the general 
formalism see [15,123]) 

m + N{P) ^ /'(£') + h{Ph) + X{Px) . (6.1.1) 

With a transversely polarised target, one can measure quark transverse polar- 
isation at leading twist either by looking at a possible asymmetry in the Phi. 
distribution of the produced hadron (the so-called Collins effect [15-17,124]), 
or by polarimetry of a transversely polarised final hadron (for instance, a JSP 
hyperon) [15,18,125,126]. Transversity distributions also appear in the Phir 
integrated cross-section at higher twist [15,120]. 




Fig. 21. Semi- inclusive deeply- inelastic scattering. 



We define the invariants 

_ pPh 

^ 2P-g' ^ P-e' ^ P-q 



(6.1.2) 
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We shall be interested in the limit where = —(fi P-q, Ph-q and Ph-P become 
large while x and z remain finite. 

The geometry of the process is shown in Fig. 22. The lepton scattering 
plane is identified by £ and £'. The virtual photon is taken to move along 
the z-axis. The three-momenta of the virtual photon q and of the produced 
hadron Ph define a second plane, which we call the hadron plane. The spin S 
of the nucleon and the spin Sh of the produced hadron satisfy S'^ — — —1 
and S-P = Sh-Ph = 0. 

The cross-section for the reaction (6.1.1) is 



da- 



EE 



X 



{2T:f2Ex 



X {2T:f5\P + l-Px-Ph-^')\M\ 



d^P, 



{2t:Y2E' {2n)^2Eh 



, (6.1.3) 



where we have summed over the spin Sf of the outgoing lepton. The squared 
matrix element in (6.1.3) is 



|A^r = ^ ui'{i',si')-fu,ui{£,si) ui>{i',si')'y^ui{£,si) 

X {x,PhSh\J''{o)\psy{x,PhSh\rmps) , 

Introducing the leptonic tensor 

r n * r 

^1^'^ = E [^I'i^'^ si>)-ff,ui{£, si)\ [ui'{£', si')-f^ui{£, si) 



(6.1.4) 



2{£/l + iJ'-g^a-t)+2i\i. 



(6.1.5) 



and the hadronic tensor 
1 



(27r) 



E 



d^P 



X 



{2tiY 5\P + q-Px-Ph) 



{2nf2Ex 

X {PS\rmx,Pt,Sn){X,PhSh\rmPS). (6.1.6) 



the cross-section becomes 



d<7 = ^ L,^W^^ {2nY 



d'Pn 



4fPg4"M-- V—/ (27r)3 2E' (27r)3 2E;, 
In the target rest frame {£P = ME) one has 



(6.1.7) 



2E. 



da 



at. 



d^Ph dE' dn 2MQ4 E 
In terms of the invariants x, y and z eq. (6.1.8) reads 



2Er, 



da 



d^Ph dx dy 



L W^" 



(6.1.8) 



(6.1.9) 
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If we decompose the momentum Ph of the produced hadron into a longitudinal 
{Ph\\) and a transverse {Ph±) component with respect to the 7*A^ axis and if 
\Ph±\ is small compared to the energy E^, then we can write approximately 

^^ld.d=n,. (6.1.10) 

and re-express eq. (6.1.9) as 

dcr na"^ 



dxdydzd'^Ph± 2Q^ z 



^L^.W^". (6.1.11) 




Instead of working in a 7*A^ collinear frame, it is often convenient to 
work in a frame where the target nucleon and the produced hadron move 
collinearly (the hN collinear frame, see Appendix B.2). In this frame the 
virtual photon has a transverse momentum Qt, which is related to Ph±, up 
to l/Q^ corrections, by Qt — —Ph±/z. Thus eq. (6.1.11) can be written as 

d.d/dldV ^^'^^^"'-""^- (6.1.12) 

Let us now evaluate the leptonic tensor. In the 7*A^ collinear frame the 
lepton momenta can be parametrised in terms of the Sudakov vectors p and 
n as 

r = -(l-y)p^ + -^n'^ + £l , (6.1.13a) 
y 2x1/ 

r = -p^+ n^ + £l, (6.1.13b) 

y ^xy 

with i\ = (^p^) Q^- The symmetric part of the leptonic tensor then becomes 



76 



i + {i-yf 



y2 



y 

(1 - y) 



y ' y^ \ l\ 

where = 2xp^ + q^; the antisymmetric part reads 



(6.1.14a) 



1/ a; 



(6.1.14b) 



At leading-twist level, only semi-inclusive DIS processes with an unpo- 
larised lepton beam probe the transverse polarisation distributions of quarks 
[15]. Therefore, in what follows, we shall focus on this case and take only the 
target nucleon (and, possibly, the outgoing hadron) to be polarised. At twist 3 
there are also semi-inclusive DIS reactions with polarised leptons, which allow 
extracting A^/. For these higher-twist processes we shall limit ourselves to 
presenting the cross-sections without derivation. 

6.2 The parton model 

In the parton model the virtual photon strikes a quark (or antiquark), 
which later fragments into a hadron h. The process is depicted in Fig. 23. The 
relevant diagram is the handbag diagram with an upper blob representing the 
fragmentation process. 




Fig. 23. Diagram contributing to semi-inclusive DIS at LO. 

Referring to Fig. 23 for the notation, the hadronic tensor is given by (for 
simplicity we consider only the quark contribution) 
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(27rr ^ {2^Y2ExJ {2^^ J {2^Y 

X (27r)^ 5\P -k-Px) {2nY S\k + q - k) {27rf 5\k - Ph - Px') 

X x(«; Ph. SH)rHk; p, s)]* [x(«; Ph, Sn)Ym p. s)] , (6.2.1) 

where 0(/c; P, 5") and %(«;; P/j, 5';i) are matrix elements of the quark field 
defined as 

(t>{k-P,S)^{X\i^mPS), (6.2.2) 
x{f^;Ph,Sh) = (0|V'(0)|P;,>S^,X). (6.2.3) 
We now introduce the quark-quark correlation matrices 

= j <Yi {PS\^,mmPS), (6.2.4) 



and 



^ . (27r)3 2£;x 

X Xi(«; -Pfe, Sh) Xj(i^; Ph, Sh) 

i27r)^2Ex 



X {0\iPi{O\PhSh, X) {PhSh, XliP^mo) , (6.2.5) 



Here $ is the matrix already encountered in inclusive DIS, see Sees. 3.2 and 
4.1, which incorporates the quark distribution functions. S is a new quark- 
quark correlation matrix (sometimes called decay matrix), which contains the 
fragmentation functions of quarks into a hadron h. An average over colours is 
included in S. Inserting eqs. (6.2.4, 6.2.5) into (6.2.1) yields 

W"' = i:^lJ^J^j"ik + q-^)Tr[^ r S7I . (6.2.6) 

It is an assumption of the parton model that k^, k-P, and K-Ph are 
much smaller than Q"^. Stated differently, when these quantities become large, 
$ and S arc strongly suppressed. Let us work in the hN coUinear frame (see 
Appendix B.2), the photon momentum is 

^ _^p^ + 1 + ^ ^_^p+^ Ip-, q^^ . (6.2.7) 

We recall that Ph± — —zqr- The quark momenta are 

k^c^aP^ + kl^ = {^P^,0,Ot) (6.2.8a) 
K^c^P Pi: + 4 = (0, P,-/C, Or) . (6.2.8b) 
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Thus the delta function in (6.2.6) can be decomposed as 

6'^{k + q- k) = 6{k^ + g+ - «+) 6{k' + - «") 5^(fcT + Qt - i^t) 

~ 5{k-^ - xP+) S{k- - P^/z) S\kT + qT- Kt) • (6.2.9) 

which imphes a — x and (3 — 1/z, that is 

k'^^xP^' + k^ (6.2.10a) 

K^^-Pli + K^. (6.2.10b) 

The hadronic tensor (6.2.6) then becomes 

dk'^ d/c" d^kr f dfi;+ dn' d'^Kr 



(27r)4 J (27r)4 

X 6{k+ - xP+) S{k- - P^/z) 6\kT + qT- Ht) 

X Tr[$7''S7''] . (6.2.11) 

Exploiting the delta functions in the longitudinal momenta, we obtain 

™^Vp2 / dfc- d^kr f dK+ d'^KT 
^ "7 (27r)4 J (27r)4 

x5\kT + qT-i^T) Tr[$7^S7l,+^,p+^,_p-/,. (6.2.12) 

To obtain the final form of W^^ ^ we must insert the explicit expressions 
for $ and S into (6.2.12). The former has been already discussed in Sec. 4.1. 
In the following we shall concentrate on the structure of S. 

6.3 Systematics of fragmentation functions 

The fragmentation functions arc contained in the decay matrix S, which 
we rewrite here for convenience (from now on J2x incorporates the integration 
over Px) 

E,j{K-Pf,,Sf,) = E /d'e e'^<{0\^,{O\PhSh:X){Pt,Sn,X\{j}j(0)\0) . (6.3.1) 

We have omitted the path-ordered exponential C = V exp {—ig J ds^A^{s)), 
needed to make (6.3.1) gauge invariant, since in the A'^ = gauge a proper 
path may be chosen such that £ = 1. Hereafter the formalism will be similar to 
that developed in Sec. 4.1 for $ and, therefore, much detail will be suppressed. 
The quark fragmentation functions are related to traces of the form 

Tr[rE] = E/d'e e'^<Tr{0\i:,{O\PhSH,X){PnSH,X\^j{0) r|0) , (6.3.2) 
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where F is a Dirac matrix. S can be decomposed over a Dirac matrix basis as 

E{k; Ph, Sn)^^^Sl+ V^^ + A^^Y + i^575 + ^ %u ^^"75} , (6.3.3) 

where the quantities 5, V^, A'^, V5, T^^", constructed with the momentum of 
the fragmenting quark k^, the momentum of the produced hadron Pj^ and its 
spin Sj^, have the general form^^ [;^5^ 121, 127-129] 

5 = ^Tr(5)=Ci (6.3.4a) 

^ 1 71(7^^ S) = C2 pi: + C3 + Cio e'^''^'' Sh.P^.n, , (6.3.4b) 

^ 1 Tr(7'^75 S) = C4 5^ + C5 P^^ + k-S^ k>' (6.3.4c) 

n = ^ Tr(75 S) = Cn (6.3.4d) 

= 1 IV(a'^'^75 S) = C7 + Cg K^^s'i 

+ Cg P'^/^'^] + C12 £'^"^'^P/^p«;, . (6.3.4e) 

The quantities Ci = Ci{K^^K-Ph) are real functions of their arguments, owing 
to the hermiticity property of H. 

The presence of the terms with coefficients Cio, Cu and C12, which were 
forbidden in the expansion of the $ matrix by time-reversal invariance, is 
justified by the fact that in the fragmentation case we cannot naively impose 
a condition similar to (4.1.4c), that is 

S*(k; P,, Sh) = 1,C H(/5; S^) C^^^ . (6.3.5) 

In the derivation of (4.1.4c) the simple transformation property of the nucleon 
state \PS) under T is crucial. However, S contains the states \PhSh^X) which 
are out-states with possible final-state interactions between the hadron and 
the remnants. Under time reversal they do not simply invert their momenta 
and spin but transform into in-states 

T \PnSh, X- out) « \PnSn, X- in) . (6.3.6) 

These may differ non-trivially from \PhSh-,X\ovX) owing to final-state inter- 
actions, which can generate relative phases between the various channels open 
in the |in) — > |out) transition. Thus, the terms containing Cio, Cu and C12 are 
allowed in principle. The fragmentation functions related to these terms are 
called T-odd fragmentation functions [15, 128, 129]. One of them, called H^, 
gives rise to the so-called CoUins effect [15, 17, 129]. 



We consider here spin-i (or spin-0) hadrons. For the production of spin-1 hadrons 
see below. Sec. 6.9. 
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A generic mechanism giving rise to T-odd fragmentation functions is 
shown diagrammatically in Fig. 24. What is needed, in order to produce such 
fragmentation functions, is an interference diagram in which the final-state in- 
teraction (represented in figure by the dark blob) between the produced hadron 
and the residual fragments cannot be reabsorbed into the quark-hadron ver- 
tex [130]. 

It has been argued in [131] that the relative phases between the hadron 
and the X system might actually cancel in the sum over X. This would cause 
the T-odd distributions to disappear. Only experiments will settle the ques- 
tion. 




Fig. 24. A hypotlietical mechanism giving rise to a T-odd fragmentation function. 



Working in a hN collinear frame, the vectors (or pseudovectors) appearing 
in (6.3.4a-e) are 

n^^-^Pi: + KT and ^ ^ P,^ + 5,^^ , (6.3.7) 

where we have to remember that the transverse components are suppressed 
by a factor (that is, 1/Q) compared to the longitudinal ones. 

To start with, consider the case of collinear kinematics. If we ignore kt, 
at leading twist (that is at order 0{Ph)) the terms contributing to (6.3.3) are 

V'^ = ^Tr(7'^H) = PlP^ (6.3.8a) 
= i Tr(7'^75 S) = A, P^ PH , (6.3.8b) 
T^^ = 1 Tr(a'^'^75 S) = B, Pfs'^^ , (6.3.8c) 

where we introduced the functions Biln"^, f^-Ph)- The decay matrix then reads 
^{k- P,, Sh) = \ {Pi + A, P2 75 A + ^3 A iSkt] ■ (6.3.9) 
Recalling that P^ only has a Py^ component, eqs. (6.3.8a-c) become 
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^ Tr(7-S)=Si, (6.3.10a) 



^ IV(7-75S)=A;,S2, (6.3.10b) 



^ Tr(ia^-75S) = 5^yB3 . (6.3.10c) 



'^Ph 

The three leading-twist fragmentation functions: the unpolarised fragmen- 
tation function Dg{x), the longitudinally polarised fragmentation function 
ADg{x), and the transversely polarised fragmentation function AxOglx), are 
obtained by integrating Bi, B2 and B^, respectively, over k, with the constraint 
1/z — K~ /Pj^. For instance 

^(^) = I / (0 Bi(>^\ - t-/-P» ) 



(27r)^ 

X (0|V'(e+,0,0^)|P^5^,X)(P;,5;„X|^(0)7-|0). (6.3.11) 
The normahsation of D(z) is such that 

[dzzD{z)^l, (6.3.12) 

where J2h is a sum over all produced hadrons. Hence, D{z) is the number 

density of hadrons of type h with longitudinal momentum fraction z in the 
fragmenting quark. 

Analogously, we have for AD{z) (with \h = 1) 

^^^'^ = 11 Wf ^'^'^ ~ "'^^''^ 

X {0\i,{t,0,O^)\PnSn,X){P^,Sh,X\i,{0)j-j,\0), (6.3.13) 



and for AtD{z) (with 5"^^ = (1, 0) for definiteness) 



+ 



27r 



X (0|^(e+,0,Ox)|P,5;„X)(P,5;„X|^(0)ia^-75|0). (6.3.14) 
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Note that AtD{z) is the fragmentation function analogous to the transverse 
polarisation distribution function At/(x). In the literature is often called 
H,{z) [15]. 

Introducing the /^-integrated matrix 

the leading-twist structure of the fragmentation process is summarised in the 
expression of 2(2;), which is 

E{z) = \ [d{z) + Xn AD{z) 75 A + AtD{z) /',75^/.t} • (6-3.16) 

The probabilistic interpretation of D{z), AD{z) and AtD{z) is analogous 
to that of the corresponding distribution functions (see Sec. 4.3). If we denote 
by J\fh/q{z) the probability of finding a hadron with longitudinal momentum 
fraction z inside a quark q, then we have (using ± to label longitudinal polar- 
isation states and ti to label transverse polarisation states) 

D{z)=Xh/,iz), (6.3.17a) 
AD{z)=AfH/g+{^)-Afh/g-{z), (6.3.17b) 
AtD{z) =Mh/<i]{z) -Nh/A^) . (6.3.17c) 

6.4 Kt- dependent fragmentation functions 

In the collincar case (fc^ = Kt = 0) the produced hadron is constrained 
to have zero transverse momentum {Ph± = —zQt = 0). Therefore, in order to 
investigate its Ph± distribution within the parton model, one has to account 
for the transverse motion of quarks (in QCD transverse momenta of quarks 
emerge at NLO owing to gluon emission). The kinematics in the 7*A^ and hN 
frames is depicted in Fig. 25 (for simplicity the case of no transverse motion 
of quarks inside the target is illustrated). 

Reintroducing kt, we have at leading twist [15, 121, 127-129] 



y/' = i Tr(7'^ S) = B, + ^ B[ e'^^^'^ Phu^TpSuT. , (6.4.1a) 
A^ = \ Tr(7'^75 5) = A, P^ + 7^ ^1 ^tS^t P^ , (6.4.1b) 
T^^ = i TY(a-^75 S) = B, Pi^S^^ + ^ 5, p}i^4 + ^ £3 ^^-5,^ P]i:4 

+ ^B',e^"'P''PhpKTa, (6.4.1c) 



where we have introduced new functions Bi[K'^ , nPh) (the tilde signals the 
presence of Kt), B'-{k^, uPh) (the prime labels the T-odd terms) and inserted 
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Fig. 25. Kinematics in (a) the 7*A^ frame and (b) the hN frame. 

powers of so that all coefficients have the same dimension. Contracting 
eqs. (6.4.1a-c) with yields 

^ Tr(7-S) = B^ + ^B[ e%KT^SnT, , (6.4.2a) 



Tr(7-75S) = 52 + K,T-ShT B^, (6.4.2b) 

-JqBs (kt4 + ^ 4 Si ) SiTj + -j^ B2 4 tTj . (6.4.2c) 

The eight KT-dependent fragmentation functions are obtained from the B 
coefficients as follows 

D{z, k'^') = 1 / ^^0^ B,{k\ K-Pn) 6{llz - / P^) , (6.4.3) 

etc., where the transverse momentum of the hadron h with 

respect to the fragmenting quark, see eq. (6.2.10b). If the transverse motion 
of quarks inside the target is ignored, then k'j, coincides with PhL- 
Defining the integrated trace 



4:Z^J (27r 

X TiiOme, 0, ^T)\PhSh, X) {Pf^Sh, X\^{0)r\0) , (6.4.4) 

we obtain from (6.4.2a-c) 
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D{z,k'j^) + ^e'^KTiShTjD^Ti^.i^T) , (6.4.5a) 



= AL>(z, K^') + kt-5^t G'it(^, ^t') , (6.4.5b) 

S[-*-^«l=AA,/,(z,K^) s'\(^,A.^) 

— A^£)(2;, k'j, ) + tvrpH^j^{z, n'rp ) 

+ ir^4'^r,^i^(^,0, (6.4.5c) 

where s' = {s'j_, A') is the spin of the quark and Mh/q{z, k'j) is the probabihty 
of finding a hadron with longitudinal momentum fraction z and transverse mo- 
mentum k'j, = —zht-i with respect to the quark momentum, inside a quark q. 

In (6.4.5a-c) we have adopted a more traditional notation for the three 
fragmentation functions, /S.D and AtD, that survive upon integration over 
Kt whereas we have resorted to Mulders' terminology [15] for the other, less 
familiar, fragmentation functions, -Dj*^, Git, -f^ii,, -f^ir Hi (note that in 
Mulders' scheme D, AD and A'rpD are called Di, Gil and ifir, respectively, 
and Di, Gi and Hi, once integrated over ht)- The integrated fragmentation 
functions D{z) and AD{z), are obtained from D{z, k^^) and AD{z, k^^), via 

D(^) = j d^K,T D{z, , (6.4.6a) 
AD{z) = d^/c^ AD(z,«;^^) , (6.4.6b) 

whereas AtD{z) is given by 

AtD{z) = / d?K'T {a!tD{z, k't") + ^ Hi^iz, k't")] . (6.4.6c) 



Among the unintegrated fragmentation functions, the T-odd quantity 
Hi{z, n'rp^) plays an important role in the phenomenology of transversity as it 
is related to the CoUins effect, i.e., the observation of azimuthal asymmetries 
in single-inclusive production of unpolarised hadrons at leading twist. In par- 
tonic terms. Hi is defined - see eq. (4.8.2b) for the corresponding distribution 
function - via 

J^h/q^{z, h't) - ^h/qi{z, h't) = sin(0^ - (j),,) H^{z, k't^) , (6.4.7) 
where 0„ and 0^/ are the azimuthal angles of the quark momentum and po- 
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larisation, respectively, defined in a plane perpendicular to Ph- The angular 
factor in (6.4.7), that is (recall that Ph is directed along —z) 

sin(0« - 0sO = , (6.4.8) 

\K,APh\ \S \ 

is related to the so-called Collins angle (see Sec. 6.5), as we now show. First 
of all, note that on neglecting 0{^/Q) effects, azimuthal angles in the plane 
perpendicular to the hN axis coincide with the azimuthal angles defined in the 
plane perpendicular to the 7*iV axis. Then, if we ignore the intrinsic motion 
of quarks inside the target, we have kt = —Ph±/z and 

0K = 0h-7r. (6.4.9) 

The angle in (6.4.8) is therefore 

0« - 0,' = (j)h- (j)^, -TT = - TT , (6.4.10) 

SO that 

sin(0^ - 0,/) = sin $C7 , (6.4.11) 

where $(7, the azimuthal angle between the spin vector of the fragmenting 
quark and the momentum of the produced hadron, is what is known as the 
Collins angle [17]. 




Fig. 26. Toy model for fragmentation. 



Just to show how the T-odd fragmentation function may arise from 
non-trivial final-state interactions, as discussed in Sec. 6.3, let us consider a 
toy model [130] (see Fig. 26) that provides a simple example of the mecha- 
nism symbolically presented in Fig. 24. Thus, we assume that the quark, with 
momentum k and mass m, fragments into an unpolarised hadron, leaving a 
remnant which is a point-like scalar diquark. The fragmentation function 
is contained in the tensor component of the matrix S 

S(«:,P,) = i|-.. + ^T,.a^'^75}, (6.4.12) 

where - see eq. (6.4.1c), 

%, = --- + ^B'^ e,,p„ P^k'^ , (6.4.13) 
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so that, using 75(7'*'' = \\e'^'^°'^ a^^, 



H(/., P,) = 1 1. . . + ^ a^'Ph.K,] . (6.4.14) 

If we describe the hadron /i by a plane wave 

V'^(x) ~ ii(PO e^^''•^ (6.4.15) 
it is easy to show that the fragmentation matrix S is 

S(«;, Ph) - u{Pn) u{Ph) 

f — m f — m 

- (^'^ + ^0^3^' (6.4.16) 



where we have omitted inessential factors. 

We cannot extract a factor proportional to a^'' Ph^Hv (hence, producing 
H^) from (6.4.16). 

Let us now suppose that a residual interaction of h with the intermediate 
state generates a phase in the hadron wave function. If, for instance, in (6.4.16) 
we make the replacement (assuming only two fragmentation channels) 

u{Ph) ^ ^(Pft) +e'>^ i^u{Ph) , (6.4.17) 

by a little algebra one can show that a term of the type (6.4.14) emerges in 
S, with 

^2~^^^sinx. (6.4.18) 

Therefore, if the interference between the fragmentation channels produces 
a non-zero phase x, T-odd contributions may appear. The proliferation of 
channels, however, might lead, as suggested in [131], to the vanishing of such 
phases and of the resulting T-odd fragmentation functions. 

Another microscopic mechanism that may give rise to a T-odd fragmen- 
tation function has been recently investigated in [132]. Using a simple pseu- 
doscalar coupling between pions and quarks to model the fragmentation pro- 
cess, these authors show that the inclusion of one-loop self-energy and vertex 
corrections generates a non- vanishing H^. 



6.5 Cross-sections and asymmetries in semi-inclusive leptoproduction 
We shall now calculate the trace in (6.2.12). 

At leading twist, as already mentioned, transverse polarisation distribu- 
tions are probed by unpolarised lepton beams. In this case, the leptonic tensor 
is symmetric and couples to the symmetric part of W^''', that is 
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dk- d^kr f dK+ d^KT 



2V"i (27r)4 y 



(2vr) 



L J fc+=a;P+, K =P,j /z 

Using the Fierz identity we can decompose the trace in (6.5.1) as 
Tr 



(6.5.1) 





= i{Tr 


$ 


Tr [S] + Tr 


i$75 


Tr 


1^75 



-Tr 



$7" 


Tr 


S7a 


-Tr 


$7" 75 


Tr 


S7a75 



+ i Tr [i $ 75' 



+ i Tr [$ 7^'^ 



Tr 



1 ^ CTafl 75 



Tr 



S7''> 



+ i TV [$ 7^/^75 



Tr 



57^^75 



+ 1 Tr [i $ a'^^" 75I Tr [i S <^ 



75 



(6.5.2) 



If we insert eqs. (4.7.2a-c) and (6.4.1a-c) into (6.5.1) and integrate over 
k~ and making use of eqs. (4.7.8a-c) and (6.4.5a-c), after some algebra we 
obtain [15,121,127,128] 

y^,..{S) ^2j2elzj d'^KT j d^kr S^kr + Qt - Kt) 



1 



f{x, fe|) D(z, k'/) + e^^KTpShTa f{x, fc^) D^t{z, k't?) 



4^S,^^ + St-Sht g^"] Ay{x, kl) A'^D{z, k'j,') 

hT 



Ml 



- " " ^'^l^J " A^/(x, kl) H^{z, n',') + . . . I . (6.5.3) 

In (6.5.3) we have considered only unpolarised and transversely polarised 
terms, and we have omitted the fcr-dependent contributions (in the follow- 
ing we shall assume that transverse motion of quarks inside the target can be 
neglected) . 

Neglecting higher-twist {i.e., (9(1/(5)) contributions, the transverse (T) 
vectors and tensors appearing in (6.5.3) coincide with the corresponding per- 
pendicular (±) vectors and tensors. The contraction of W^^^^^ with the lep- 
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tonic tensor L'^^J is performed by means of the identities [15] 



2Q' 



^2/ 



^Q\i-y) 

y2 



1 + (1 - yf\ , (6.5.4a) 

L(f) = l^^ii^|a^||6^|cos(0„ + 0,), 

(6.5.4b) 

a±\\b±\sm{(l)a + (f)b) , 

(6.5.4c) 



where (pa and 0;, are the azimuthal angles in the plane perpendicular to the 
photon-nucleon axis. Combining eq. (6.5.3) with eqs. (6.5.4a-c) leads quite 
straight-forwardly to the parton-model formulae for the cross-sections. To ob- 
tain the leading-order QCD expressions, one must simply insert the de- 
pendence into the distribution and fragmentation functions. 

6.5.1 Integrated cross-sections 

Consider, first of all, the cross-sections integrated over Ph±- In this case, 
the kr and Kt integrals decouple and can be performed, yielding the integrated 
distribution and fragmentation functions. Hence we obtain 



da 



E 



dx dy dz 

- (1 - y) \S^\ \Sh±\ cos(05 + 05j At/„(x) ArDaiz)^ . (6.5.5) 

As one can see, at leading twist, the transversity distributions are probed only 
when both the target and the produced hadron are transversely polarised. 

From (6.5.5) we can extract the transverse polarisation 'Ph oi the detected 
hadron, defined so that ('unp' = unpolarised) 



da = d(Tunp (l + Vh-Sh) 



(6.5.6) 



If we denote by Vly the transverse polarisation of h along y, when the target 
nucleon is polarised along y (|), and by Vj^ the transverse polarisation of h 
along X, when the target nucleon is polarised along x {—>■), we find 



-V, 



2(1 -y) EaelATfa{x)ATD,{z) 



hx 



(6.5.7) 



If the hadron h is not transversely polarised, or - a fortiori - is spinless, 
the leading-twist P/^j^-integrated cross-section does not contain Axf- In this 
case, in order to probe the transversity distributions, one has to observe the 
Ph± distributions, or consider higher-twist contributions (Sec. 6.6). In the 
next section we shall discuss the former possibility. 
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6.5.2 Azimuthal asymmetries 

We now study the (leading-twist) Ph± distributions in semi-inclusive DIS 
and the resulting azimuthal asymmetries. We shall assume that the detected 
hadron is spinless, or that its polarisation is not observed. For simplicity, we 
also neglect (at the beginning, at least) the transverse motion of quarks inside 
the target. Thus (6.5.3) simplifies as follows (recall that only the unpolarised 
and the transversely polarised terms are considered) 



^^.(S) ^2^elz [ d'KT S^Kt + Ph±/z) 

x| - ^r/(x)D(^,0 



ATf{x)H^{z,K'j,'') 



2M, 

+ 



...y (6.5.8) 

Contracting W^"^^^ with the leptonic tensor (6.1.14a) and inserting the result 
into (6.1.11) gives the cross-section 



da 47raLs ^ o (1 



cm 



dx dy dz d'^Ph± Q 



4 



>2 

+ (l-y)^-^\S±\ sin(05 + 0.) 



zM, 



X ATfa{x)Ht,{z,Pl^)Y (6.5.9) 
From this we obtain the transverse single-spin asymmetry 



Ah _ da(5x) - da{-S±) 
^ da{S^) + da{-S±) 

2(1 -y) EaelATfa{x)A^^Da{z,P ' 
l + il-yr j:aelfa{x)Da{z,Pl^ 



\S^\sm{cl)s + (ph). (6.5.10) 



Here we have defined the T-odd fragmentation function A^D{z, Ph±) as - see 
(6.4.7) 

A'^D{z, Pl^) = ^ H^{z, Pl^) . (6.5.11) 

Note that our A%D is related to A^ D of [26] by A^^D = A^D/2 (our notation 
is explained in Sec. 1.2). 

The existence of an azimuthal asymmetry in transversely polarised Icpto- 
production of spinless hadrons at leading twist, which depends on the T-odd 
fragmentation function and arises from final-state interaction effects, was 
predicted by CoUins [17] and is now known as the Collins effect. 
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The Collins angle was originally defined in [17] as the angle between 
the transverse spin vector of the fragmenting quark and the transverse mo- 
mentum of the outgoing hadron, i.e., 



Thus, one has 



sin $ 



= (f>s' - <t>h ■ 



c 



(6.5.12) 



(6.5.13) 



\Q^Ph\ \s'\ 

Since, as dictated by QED (see Sec. 6.7), the directions of the final and initial 
quark spins are related to each other by (see Fig. 27) 



(6.5.14) 



(6.5.13) becomes = ti" ~ 0s — Ignoring the transverse motion of quarks 
in the target, the initial quark spin is parallel to the target spin {i.e., 4>s = 4>s) 
and can finally be expressed in terms of measurable angles as 



c 



n - (f)s - (f)h ■ 



(6.5.15) 



If the transverse motion of quarks in the target is taken into account the 
cross-sections become more complicated. We limit ourselves to a brief overview 
of them. Let us start from the unpolarised cross-section, which reads 



da 



unp 



47rQ;L 



E 



l + {l-yf lifaDa], (6.5.16) 



dxdydz(PPh± V 2 

where we have introduced the integral /, defined as [15] 

I[fD]{x,z)= J d'^kr d'^Kr 5^(kT + Qt - i^t) f{x, k^) D{z, n'^' 
= j d^kT fix, kl) D{z, \Ph± - zkrl^) . 

The cross-section for a transversely polarised target takes the form 



(6.5.17) 



dxdydzd'^Ph± 



X / 



hK± 



la 



sm{^s + 00 + . . . , (6.5.18) 



where h = PhJ^/\Phi] and a term giving rise to a sin(30?i — (t>s) asymmetry, 
but not involving At/, has been omitted. As we shall see in Sec. 9.2.2 there 
are presently some data on semi-inclusive DIS off nucleons polarised along 
the scattering axis, that are of a certain interest for the study of transver- 
sity. It is therefore convenient, in view of the phenomenological analysis of 
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those measurements, to give also the unintcgratcd cross-section for a longitu- 
dinally polarised target, which, although not containing depends on the 
Collins fragmentation function , a crucial ingredient in the phenomenology 
of transversity. One finds 



da{X 



N 



dx dy dz d'^Ph± 



xl 



2{h-K±) {h k 



- K± k± 



sin(20ft) . (6.5.19) 



Note the characteristic sin{2(f)h) dependence of (6.5.18) and the appearance of 
the A;_L-dependent distribution function h^j^. 

One can factorise the x and z dependence in the above expressions by 
properly weighting the cross-sections with some function that depends on 
the azimuthal angles [16,133]. This procedure also singles out the different 
contributions to the cross-section for a given spin configuration of the target 
(and of the incoming lepton). To sec how it works let us consider the case of 
a transversely polarised target. We redefine the azimuthal angles so that the 
orientation of the lepton plane is given by a generic angle (pe in the transverse 
space. Equation (6.5.18) then becomes 



d(T(5j 



2q;„^ S 



dxdydzd(ped'^Ph± 



X / 



hK± 



^TfaH 



sin(30/i - 05 



la 



sin(05 + (t)h- 20^) 
) term (6.5.20) 



The weighted cross-section that projects the first term of (6.5.20) out, and 
leads to a factorised expression in x and z, is 



/ d0, 



d^P, 



P I 

hi. -iry^ sin(0s + (ph- 20^) 



MhZ 



S^\j:elx{l-y)ATfa{x)Htr{z), 



dx dy dz d(f)e d'^Ph± 



(6.5.21) 



where the weighted fragmentation function Hi^^^ is defined as 



Ht^'\z) = z-j d-^T Ht{z, z-K%) . (6.5.22) 

For a more complete discussion of transversely polarised semi-inclusive 
leptoproduction, with or without intrinsic quark motion, we refer the reader 
to the vast literature on the subject [15,16,48,121,126,127,133-138]. In Sec. 9.2 
we shall present some predictions and some preliminary experimental results 



on J^. 
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Fig. 27. The transverse spin vectors and the transverse momentum of the outgoing 
hadron in the plane perpendicular to the 7*A^ axis, is the Collins angle. 

6.6 Semi-inclusive leptoproduction at twist three 



Let us now see how transversity distributions appear at the higher-twist 
level. We shall consider only twist-three contributions and limit ourselves to 
quoting the main results without derivation (which may be found in [15]). 

If the lepton beam is unpolarised, the cross-section for leptoproduction 
of unpolarised (or spinless) hadrons with a transversely polarised target is 



da{S 




M 



sin (psxArfaix] 



Ha{z) 



x'gUx)ADa{z) + j^xATfa{x 



miz) 



z 



(6.6.1) 



where the factor M/Q signals that (6.6.1) is a twist-three quantity. Adding 
(6.6.1) to the transverse component of (6.5.5) gives the complete P/j_L-inte- 
grated cross-section of semi-inclusive DIS off a transversely polarised target 
up to twist 3. Note that in (6.6.1) the leading-twist transversity distribu- 
tions Ar/(x) are coupled to the twist-three fragmentation functions H{z) 
and Hl{z), while the leading- twist helicity fragmentation function AD{z) is 
coupled to the twist-three distribution grix). H{z) is a T-odd fragmentation 
function. 

At twist 3, the transversity distributions also contribute to the scattering 
of a longitudinally polarised lepton beam. The corresponding cross-section is 
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dcr(A/, S±) 
dx dy dz 




Mh . „ _ EAz) 



x^g-^i^) D,{z) + -^xATfa{x) — 
M Z 



—— X At fix) 
M ^ ' z 



(6.6.2) 



Here, again, the leading-twist transversity distributions At/(x) are coupled 
to the twist-three fragmentation functions E{z) and El{z), and the leading- 
twist unpolarised fragmentation function D{z) is coupled to the twist-three 
distribution Qt^x). El{z) is a T-odd fragmentation function. 

Up to order 0(1/(5), there are no other observables in semi-inclusive 
leptoproduction involving transversity distributions. The twist-two and twist- 
three contributions to semi-inclusive leptoproduction involving the transver- 
sity distributions A^/ are collected in Tables 3 and 4. 



Table 3 

The contributions to the -P/^i^ -integrated cross-section involving the transversity 
distributions. T, L and denote transverse, longitudinal and no polarisation, re- 
spectively. The asterisk indicates T-odd observables. 



Cross-section integrated over Ph± 



£ 


N 


h 


observable 


twist 2 


T 


T 


ATf{x)ATD{z) 


twist 3 


T 





ATf{x)H{z) (*) 





T 


L 


ATf{x)HL{z) 


L 


T 





ATf{x)E{z) 


L 


T 


L 


ATf{x)EL{z) (*) 



6. 7 Factorisation in semi-inclusive leptoproduction 

It is instructive to use a different approach, based on QCD factorisation, 
to rederive the results on semi-inclusive DIS presented in Sec. 6.5. We start by 
considering the collinear case, that is ignoring the transverse motion of quarks 
both in the target and in the produced hadron. In this case a factorisation 
theorem is known to hold. This theorem was originally demonstrated for the 
production of unpolarised particles [139-143] and then also shown to apply 
if the detected particles are polarised [144]. In contrast, when the transverse 
motion of quarks is taken into account, factorisation is not proven and can 
only be regarded as a reasonable assumption. 
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Table 4 

Contributions to the Ph± distributions involving transversity. The produced hadron 
h is taken to be unpolarised. The notation is as in Table 3. 



Ph± distribution (h unpolarised) 





e 


N 


observable 


twist 2 





T 


At/ ® (*) 


twist 3 





T 


At/®^ (*) 







T 


At/ Hi (*) 




L 


T 


At/O-E 



6. 7. 1 CoUinear case 

The QCD factorisation theorem states that the cross-section for semi- 
inclusive DIS can be written, to all orders of perturbation theory, as 



ab XX'tjij' 

X dax\'r,ri'{x/^,Q/fi,as{^i))V'/^^^{C,i^), (6.7.1) 



where X^^jj is a sum over initial (a) and final (6) partons, pxy is the spin 
density matrix of parton a in the nucleon, and da is the perturbatively cal- 
culable cross-section of the hard subprocesses that contribute to the reaction. 
In (6.7.1) ^ is the fraction of the proton momentum carried by the parton a, ( 
is the fraction of the momentum of parton b carried by the produced hadron, 
and fi is the factorisation scale. Lastly, T>hfb(z) is the fragmentation matrix of 
parton b into the hadron h 



T^h/b = 



T)++ T)+- 
^h/b ^h/b 



\ '^hfb '^h/b 



(6.7.2) 



It is defined in such a manner that 



VV ( 
h/b\ 



'^tJb{^)+'^Hibi^) 



Dh/b{z) , 



(6.7.3) 



where Dh/b{z) is the usual unpolarised fragmentation function, that is the 
probability of finding a hadron h with longitudinal momentum fraction z in- 
side a parton b. The difference of the diagonal elements of T>h/i,{z) gives the 
longitudinal polarisation fragmentation function 



';^t/bi^) -'^h/bi^)] = ^hADu/b{z) , 



(6.7.4a) 
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whereas the off-diagonal elements are related to transverse polarisation 



h/b^ 



Shx ArDh/biz) 
Shy ArDh/biz) 



(6.7.4b) 
(6.7.4c) 



Note that Vh/b is normalised such that for an unpolarised hadron it reduces 
to the unit matrix. 

At lowest order the only elementary process contributing to da is / g (g) — 
/ q (g) (see Fig. 28). Thus, the sum J2ab I'uns only over quarks and antiquarks, 
and a = b. Eq. (6.7.1) then becomes (omitting energy scales) 



E'Eh 



da 



-i: E /de^/a(OPA'A 

a W'-qr)' •' ^ 



da 



/ \X'r]r] 



<1(C). (6.7.5) 



The elementary cross-section in (6.7.5) is (s = xs is the centre-of-mass energy 
squared of the partonic scattering, with the hat labelling quantities defined at 
the subprocess level) 



E'E^ 



era) r ^ ^ ^ ^^-^ ^-^'^ + ^ - f - .) 



2" K'iylxx'^ 



where 



da\ 



1 



167rs 2 



(6.7.6) 



(6.7.7) 



XX'rjrj' ^ ap 

with the sum being performed over the helicities of the incoming and outgoing 
leptons. 




AA' ^ k 

Fig. 28. Lepton-quark (-antiquark) scattering. 



Working in the hN collinear frame, where the photon momentum is 



xP^ + - + (jj', that is, in light-cone components, q^ 



-X 



the energy-momentum conservation delta function may be written as 
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s^{e + k-e' -k)^ 5\q + k-K) 

-5{q+ + k+)5{q- - K-)S''{qT) 
-^S{^-x)S{C-z)S'{qT). (6.7.8) 

The integrations over ^ and ( in (6.7.5) can now be performed and the 
cross-section for semi-inclusive DIS (expressed in terms of the invariants x, y, z 
and of the transverse momentum of the outgoing hadron Ph±) reads 

Note the 6'^{Ph±) factor coming from the kinematics of the hard subprocess 
at lowest order. Integrating the cross-section over the hadron transverse mo- 
mentum we obtain 

Let us now look at the helicity structure of the Iq scattering process. 
By helicity conservation, the only non-vanishing scattering amplitudes are 

{y = -i/s = ^ii-cose)) 

M++++ = M = 4i e^ea ^ = 2i e^e,, - , (6.7.11a) 

cos y 

=A^_+_+ = 2ie^e, ^ 2ie^e„ ^ , (6.7.11b) 

1 — cos y 

where 6 is the scattering angle in the Iq centre-of-mass frame. The elementary 
cross-sections contributing to (6.7.10) are 

/ dd-\ ( da\ 1 1 /, , . ,2 I ■ , 



^y)++++ \dyy 167rs 2 

da\ I do-\ 1 



\ + {\-yy , (6.7.12a) 



ReA1++++A41 



and the cross-section (6.7.10) then reads 



(1 - y) , (6.7.12b) 



97 



Inserting (6.7.12a, b) into (6.7.13) and using (4.3.7-4.3.8b) and (6.7.3- 
6.7.4c), we obtain 



da 4:7ia;^s ^ , 



"^2 



da; dy dz Q'^ 

^ 'l + (1 - yf] [fa{x) Dh/a{z) + A^A^ A/„(x) ^Dh,a{z) 

+ {l-y) \S^\ \ShA cos(05 + 0sj ^Tfa{x) ArDh/aiz) | • (6.7.14) 

which coincides with the result aheady obtained in Sec. 6.5. 

In the hght of the present derivation of (6.7.14), we understand the origin 
of the y-dependent factor in (6.5.7) and (6.5.10). This factor, 

. _ da+_+_ 2(1 -y) 

Or = -T-^ = T—j- . 6.7.15 

d(j++++ 1 + (1 - yr 

is a spin transfer coefficient, i.e., the transverse polarisation of the final quark 
generated by an initial transversely polarised quark in the Iq — > Iq process. To 
see this, let us call if^^' the quantity 

and introduce the spin density matrix of the final quark, defined via 

Hjf,,' = -ffunp P^^' , (6.7.17) 

where 

//,np = H++ + H__ = { da)++++ . (6.7.18) 

We find explicitly 

P'=( ''"A, (6.7.19) 

\aTp+- p— J 

and, recalling that the final quark travels along —z, we finally obtain for its 
spin vector s' 

s'j. — —aTSx, s'y = aTSy. (6.7.20) 

Thus, the initial and final quark spin directions are specular with respect to 
the y axis. The factor ot is also known as the depolarisation factor. It decreases 
with y, being unity at y = and zero at y = 1. 
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6.1.2 Non-collinear case 

If quarks are allowed to have transverse momenta, QCD factorisation is 
no longer a proven property, but only an assumption. In this case we write, in 
analogy with (6.7.5), 



E' Eh 



da 



dW d^P 



-^tm^T). (6.7.21) 



X E'E, 



da 



d^l' d^K , 



AA'w' 



where 7^a(C) ^t) is the probability of finding a quark a with momentum fraction 
X and transverse momentum fey inside the target nucleon, and Vh/aiC^ i^'t) 
the fragmentation matrix of quark a into the hadron h, having transverse 
momentum == —zKt with respect to the quark momentum. Evaluating 
eq. (6.7.21), as we did with eq. (6.7.5), we obtain the cross-section in terms of 
the invariants x, y, z and of P\±^ 



da 



dx dy dz d'^Ph± 



da 



M ^ '^t) n^k^ -^T- n±)(fi-7.22) 

) XX'nri' 



Inserting the elementary cross-sections (6.7.12a, b) in (6.7.22) and writing 
explicitly the sum over the helicities, we obtain 



da 



dxdydzd'^Ph± 



X 



a •' '' 

[l + {l-yr] [p^+VlJ-^ + P-V-J-^ 

+ (i-?/)[p+_p+; + p_+p,-+]} 



X 5'^{zkT -k't- Phi) ■ 



(6.7.23) 



Let us suppose now that the hadron h is unpolarised. Using the corre- 
spondence (4.3.7) between the spin density matrix elements and the spin of 
the initial quark, and the analogous relations for the fragmentation matrix 
obtained from (6.4.5a-c), that is 
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2 (^K + '^IJa) = D{z, k't') + — s'iKT^S^Tj Di^{z, k'^') , (6.7.24a) 



1 / 1 . 1 



M2 

1 



+ 4«^T,- «t') , (6.7.24c) 

+ ^ 4'«^T,- Hi{z, k't") , (6.7.24d) 

the transverse polarisation contribution to the cross-section turns out to be 
da{Sj_) Anal^s 



dxdydzd^Ph± ^ 

X 6'^{zkT -k't- Ph±) . (6.7.25) 

If, for simplicity, we neglect the transverse momentum of the quarks inside 
the target, then s±Va{x) — S±ATfa{x)- The integration over k'j, can be 
performed giving the constraint = —zkt = Ph±, and eq. (6.7.25) becomes, 
with our convention for the axes and azimuthal angles 

da{S^) _ 47ra,^mg 1^ 2 ..r 
~d^^Wd^^KI~~Q^^ ^^■^ ^ l/)AT/a(a:) 

X H^aiz, Pl±) sin(0, + 05) . (6.7.26) 

Since Kt — —Ph±/z, we have 

0« + 05 = 0/^ - vr + 0s = $c - TT , (6.7.27) 
and (6.7.26) reduces to the transverse polarisation term of (6.5.9). 
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6.8 Two-hadron leptoproduction 



Another partially inclusive DIS reaction that may provide important in- 
formation on transversity is two-particle leptoproduction (see Fig. 29): 

m + iV(P) ^ /'(£') + h^iP^) + h^{P^) + X{Px) . (6.8.1) 

with the target transversely polarised. In this reaction two hadrons (for in- 
stance, two pions) are detected in the final state. 

Two-hadron leptoproduction has been proposed and studied by various 
authors [124,130,131,145] as a process that can probe the transverse polarisa- 
tion distributions of the nucleon, coupled to some interference fragmentation 
functions. The idea is to look at angular correlations of the form (Pi aP2)-s', 
where Pi and P2 are the momenta of the two produced hadrons and s'j_ is 
the transverse spin vector of the fragmenting quark. These correlations are 
not forbidden by time-reversal invariance owing to final-state interactions be- 
tween the two hadrons. To our knowledge, the first authors who suggested 
resonance interference as a way to produce non-diagonal fragmentation ma- 
trices of quarks were Cea et al. [146] in their attempt to explain the observed 
transverse polarisation of A" hyperons produced in pN interactions [3]. 




Fig. 29. Two-particle leptoproduction. 



Hereafter we shall consider an unpolarised lepton beam and unpolarised 
hadrons in the final state. The cross-section for the reaction (6.8.1) reads, c/. 
eq. (6.1.7) 

1 d^f d^P d^P 

where L^^ is the usual leptonic tensor, eq. (6.1.5), and W^" is the hadronic 
tensor 
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(27r)4 ^ i (27r)3 2Ex ^ ^ ^ ^ 

X (P5|J'^(0)|X,PiP2)(^,PiP2|J"(0)|P5) , (6.8.3) 

Following [130] , we introduce the combinations 

P^ = Pi + P2, P = i (Pi - P2) , (6.8.4) 

and the invariants 

^1 = -B— ' ^2 = , (6.8.5) 
P-g P-g 

P-Ph Zi P-Pi Z2 

^ = ^i + ;^2 = ^, e = - = --^ = l--, 6.8.6 
P-g 2; P-P/i z 



in terms of which the cross-section becomes 

da nal^ y 



L^^uW" . (6.8.7) 



da; dy dz di d^P^^ d^R± 4(27r)3 ^(1 - ^) z 
Using 

d'^R^ = i di2l d0^ = i e(l - dM^ d0^j , (6.8.8) 

where = P^ = (Pi -|-P2)^ is the invariant- mass squared of the two hadrons 
and (pR is the azimuthal angle of R in the plane perpendicular to the 7*A'" 
axis, the cross-section can then be re-expressed as 



da T^acmV 



dx dy dz dC d^P;,^ dMl d0fi 2(27r)3g4^ ' ^ ' ' ^ 

In the parton model (see Fig. 30) the hadronic tensor has a form similar 
to that of the single-particle case 

Y (27^)^ ' (27r)4 

X 5\kT + qT- /*t) Tr[^rQY]k+=.P+,.-=P-/. , (6-8.10) 

except that there now appears a decay matrix for the production of a pair of 
hadrons 

e,,-(«;Pi,P2) = E / d'C e-<(0|V'i(C)|AP2,X)(PiP2,X|V;,(0)|0) . (6.8.11) 

X 

Working in a frame where P and Ph are collinear (transverse vectors in 
this frame are denoted, as usual, by a T subscript), the matrix (6.8.11) can 
be decomposed as was (6.3.3). At leading twist the contributing terms are 
(remember that hadrons hi and /i2 are unpolarised) 
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(6.8.12a) 
(6.8.12b) 

(6.8.12c) 



where Mi and M2 are the masses of hi and /i2, respectively. In (6.8.12c) Bi 
and are functions of the invariants constructed with k, P, P/^ and R. The 
prime labels the so-called T-odd terms (but one should bear in mind that 
T-invariance is not actually broken). 

P1P2 P2P1 




P - — " I ^P 

Fig. 30. Diagram contributing to two-hadron leptoproduction at lowest order. 



Contracting eqs. (6.8.12a-c) with P^j results in 
1 



2P 
1 



^Tr(7-0) = Si 

h 

Tr(7~75 9) 



2P^" M1M2 
^Tr(ia-75e) = ^^^-l^ 



B^ ErpRrpiKx 



B2 Sj'KTj ~\~ B'^ Sj-Rxj 



■I ^3 



(6.8.13a) 
(6.8.13b) 
(6.8.13c) 



Introducing the integrated trace 
1 r d/t"'" d/t 



e[r] 



Az J (27r) 



Tr(re)5 u 



X 



(2vr) 



X Tr(0|^(C+, 0, Ox) IP1P2, X) (P1P2, X|^(0)r|0) , (6.8.14) 
we can rewrite eqs. (6.8.13a-c) as [130] 
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1 



(6.8.15a) 
(6.8.15b) 



M1 + M2 



(6.8.15c) 



where Afhih2/qiz, C, >^tj ^t) is the probabihty for a quark q to produce two 
hadrons /ii, /i2- 

In eq. (6.8.15c), D, Gj;, and arc interference fragmentation func- 
tions of quarks into a pair of unpolarised hadrons. In particular, and 
are related to quark transverse polarisation in the target. has an analogue 
in the case of single-hadron production (where it has been denoted by the 
same symbol), while is a genuinely new function. It is important to notice 
that is the only fragmentation function, besides D, that survives when 
the quark transverse momentum is integrated over. 

The symmetric part W^'^'^^'^ of the hadronic tensor, the component con- 
tributing to the cross-section when the lepton beam is unpolarised (as in our 
case), is given by (with the same notation as in Sec. 6.5 and retaining only 
the unpolarised and the transverse polarisation terms) 



^,..(5) = 2^elzj d^KT j d'fcT S\kT + qT- «t) 



X 



- 9t fix, kl)D{z,KT.'^) 

2 (Ml + M2) 
X Afr/(x, kl) H^{z,^,k't,R^, k't-Rt) 

Oji brp ihTp ~r -Tlrp brp OTp 

2(Mi + M2) 
X A^/(x, kl) Hi{z, k!t, R^, k't-Rt) + ■■■ 



(6.8.16) 



Let us now neglect the intrinsic motion of quarks inside the target. This 
imphes that Kt — —Ph±/z- Contracting W'^'^'^^^ with the leptonic tensor L^^J 
by means of the relations (6.5.4a-c) and integrating over Ph±, we obtain the 
cross-section (limited to the unpolarised and transverse polarisation contribu- 
tions) 
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dx dy dz dMl d(l)R (27r)3 ^ 

X \^^{\^{\-yf\f,{x)D,{z,i,Ml) 

The fragmentation functions appearing here arc integrated over P\^. 

We define now the interference fragmentation function Ar/(2;, ^, M^) as 

^^h^h^lq\{z,i,Rs) -Nhih2lqi{z,^,RA_), (6.8.18) 

where, we recall, 

Rl = e(l - i) Ml - (1 - - . (6.8.19) 
Integrating (6.8.17) over ^, we finally obtain 

+ (1 - y) |5x| sin(05 + ct>R)^Tfa{.x) AtUz, Ml)^ . (6.8.20) 

Prom (6.8.20) we obtain the transverse single-spin asymmetry 

^ dajS^) - da(-5^) ^ 2(1 - y) 
^ daiS^)+ da{-S^) 1 + il-yy 

" j:aelUx)D.iz,Ml) \^-\--(<l>s + <l>n), (6-8.21) 

which probes the transversity distributions along with the interference frag- 
mentation function A^/. 

We can introduce, into two-hadron leptoproduction, the analogue of the 
CoUins angle $c of single-hadron leptoproduction, which we call ^'q. We define 

as the angle between the final quark transverse spin s'j_ and R±, i.e., 

= - . (6.8.22) 

We have 

,in*fc.i£i^ = i^li^. (6.8.23) 

^ \PhAR\\s'\ |P2aPi||s'| ^ ^ 

Since 0^/ — tt — (pg, where (pg is the azimuthal angle of the initial quark trans- 
verse spin, we can also write 

$'c = 7r-(/..-(/.R. (6.8.24) 
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If the initial quark has no transverse momentum with respect to the nucleon, 
then 4>s = 4's and is given, in terms of measurable angles, by 




(6.8.24') 



In the language of QCD factorisation the cross-section for two-hadron 
leptopro duct ion is written as 



What we have found above is that the fragmentation matrix dV/ dM^ d(j)R 
factorises into z- and M|-dependent fragmentation functions and certain an- 
gular coefficients. For the case at hand, the angular dependence is given by 
the factor sin(0s' + (ppt) in (6.8.20). 



Fig. 31. Leptoproduction of two hadrons hi and /i2 via resonance (/i, h') formation. 

An explicit mechanism giving rise to an interference fragmentation func- 
tion like AtI has been suggested by Jaffe, Jin and Tang [131, 147] (a similar 
mechanism was considered earlier in a different but related context [146]). 
The process considered in [131, 147] and shown diagrammatically in Fig. (31) 
is the production of a tt+tt^ pair, via formation of a a (/ = 0, L = 0) and p 
(/ = 1, L = 1) resonance. The single-spin asymmetry then arises from inter- 
ference between the s- and p-wave of the pion system. Similar processes are 
ttK production near to the K* resonance, and KK production near to the 
0. In all these cases two mesons, hi and /i2, are generated from the decay of 
two resonances h {L = 0) and h' (L = 1). The final state can be written as a 




X 



dV{z,Ml<p 



(6.8.25) 



hi h2 /l2 hi 
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superposition of two resonant states with different relative phases 

\hi /i2, X) = e'^° \h, X) + e^'^i \h' , X) . (6.8.26) 

The interference between the two resonances is proportional to sin(5o — 
The values of 5q and 5i depend on the invariant mass of the two-meson 
system. 

It turns out that the interference fragmentation function A^/ has the 
following structure 

At/(;2, Ml) ~ sin 6q sin 5i sin(5o - ^i) ^tI^z, Ml) , (6.8.27) 

where the phase factor sin(5o sin(5i sin(5o — (^i) depends on M|. The maximal 
value that this factor can attain is 3\/3/8. 

The two-hadron spin-averaged fragmentation function Dh^h^^z, Ml) is the 
superposition of the unpolarised fragmentation functions of the two resonances 
weighted by their phases 

Dr,^h,{z, Ml) = sin^ 6^ Dh{z) + sin^ 6, Dy{z) . (6.8.28) 

The resulting single-spin asymmetry is then 

h^h2 _ d(7(5x) - dff(-5x) 



dcT(5x) + da(-5j 

2(1 -y) 

l + (l-y)2 



oc - — — \ sin^o sin^i sin(5o — ^i) sin(05 -|- 



X Y.ael^Tfa{x)/^Tia{z,Ml) ^ _ ^g_g_29) 

Ea fa{x) [sin^ 5q Dh/a(z) + sin^ 5i Dh'/a(z)] ' 

We remark that the angle (p defined in [131] corresponds to our 4>s — 4>r — 7'"/2. 

In the case of two-pion production, 5o and 5i can be obtained from the 
data on nir phase shifts [148]. The factor sin^o sin^i sin(5o — ^i) is shown in 
Fig. 32. It is interesting to observe that the experimental value of this quantity 
reaches 75% of its theoretical maximum. 



6.9 Leptoproduction of spin- 1 hadrons 



As first suggested by Ji [149] (see also [150]) the transversity distribution 
can be also probed in leptoproduction of vector mesons {e.g., p,K*,(f)). The 
fragmentation process into spin-1 hadrons has been fully analysed, from a 
formal viewpoint, in [151, 152]. The polarisation state of a spin-1 particle is 
described by a spin vector S and by a rank-2 spin tensor T^^ . The latter 
contains five parameters, usually called Sll, Sf^j^, 5*1^, S^^p and [151]. 
The transversity distribution AtJ emerges when an unpolarised beam strikes 
a transversely polarised target. The cross-section in this case is [151] (we retain 
only the terms containing Axf and we use the notation of Sec. 6.5.2) 
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Fig. 32. The factor sinJo sm6i sin((5o — Si) obtained from vrvr phase shifts (figure 
from [131]). 



Si.\ ^e^x(l -y) 



+ \Stt\ sin(20rr + 05 - 4>h) I 

h ■ K,± 



+ Sll sin(05 + (ph) I 
+ \Slt\ sm(0LT - 05 



At fa -f^i^L 



ITT 



2M2 



At /a -f^lLT 



- I^ttI sin(20TT - 05 - 30ft) 

■ Kx) [2 (/i ■ Kx)2 - 3kI/2] 



X / 



+ ... . (6.9.1) 



For simplicity, we have omitted the subscript h in the tensor spin parameters 
(which are understood to pertain to the produced hadron). The azimuthal 
angles 0lt and 0rT are defined by 



IT TT 

tan0ir = ^, tan0Tr=^, 



jrprp 



and 



Slt\ = JiSl^r + {SIt? , \Stt\ = ^{SWt? + {S^tV' 



(6.9.2) 



(6.9.3) 
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Note that A^/ couples in (6.9.1) to five different fragmentation functions: 
Hilt, -^ittj -^ill- f^iiT- H^j,. All these functions are T-odd. If we integrate 
the cross-section over Ph±, only one term survives, namely 

Slt\ sin(0LT + (ps) 

- y) Arfaix) Ht^^iz) . (6.9.4) 

The fragmentation function appearing here, Hilt, is called hi by Ji [149]. It is 
a T-odd and chirally-odd function which can be measured at leading twist and 
without considering intrinsic transverse momenta. Probing the transversity 
by (6.9.4) requires polarimetry on the produced meson. For a self- analysing 
particle this can be done by studying the angular distribution of its decay 
products {e.g., p° n~^n~). Thus, the vector- meson fragmentation function 
Hilt represents a specific contribution to two-particle production near the 
vector meson mass. 

6.10 Transversity in exclusive leptoproduction processes 

Let us now consider the possibility of observing the transversity distri- 
butions in exclusive leptoproduction processes. Collins, Frankfurt and Strik- 
man [153] remarked that the exclusive production of a transversely polarised 
vector meson in DIS, that is Ip — > IV p, involves the chirally-odd off-diagonal 
parton distributions in the proton. These distributions (also called "skewed" 
or "off-forward" distributions) depend on two variables x and x' since the in- 
coming and outgoing proton states have different momenta P and P', with 
(P' — Py — t (the reader may consult [154-156] on skewed distributions). For 
instance, the off-forward transversity distribution (represented in Fig. 33a) 
contains a matrix element of the form {PS\i/j(0)^~^^±'j5i/j{^~)\P' S) . At low x 
the difference between x and x' is small and the off-diagonal distributions are 
completely determined by the corresponding diagonal ones. 

In [157] it was shown that the chirally-odd contribution to vector-meson 
production (see Fig. 33b) is actually zero at LO in Ug. This result was later 
extended in [158], where it was observed that the vanishing of the chirally- 
odd contribution is due to angular momentum and chirality conservation in 
the hard scattering and hence holds at leading twist to all orders in the strong 
coupling. Thus, the (off-diagonal) transversity distributions cannot be probed 
in exclusive vector-meson leptoproduction. 



dxdydz 



X 
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7 Transversity in hadronic reactions 



The second class of reactions probing quark transversity is hadron scatter- 
ing with at least one of the two colliding particles in a transverse polarisation 
state. We shall first consider the case where both initial hadrons are trans- 
versely polarised. In particular, Drell-Yan production with two transversely 
polarised hadrons turns out to be the most favourable reaction for study- 
ing the transversity distributions. Indeed, the pioneering work of Ralston and 
Soper [9] and Pire and Ralston [159] concentrated precisely on this process. 
We shall then see how transversity may emerge even when only one of the 
colliding hadrons is transversely polarised. This possibility, however, is more 
uncertain. 

7.1 Double-spin transverse asymmetries 

When both hadrons are transversely polarised, the typical observables are 
double-spin transverse asymmetries of the form 

^ dajSr, St) - dajSr, St) , . 

d(7(5T, St) + MSt. -St) ' ^ ' 

Since there is no gluon transversity distribution for spin-half hadrons, trans- 
versely polarised pp reactions which are dominated at the partonic level by qg 
or gg scattering are expected to yield a very small Att [21,160]. Thus, direct- 
photon production (with lowest-order subprocesses gq q'y and qq '-/g), 
heavy-quark production {qq QQ and gg QQ), and two-gluon-jet pro- 
duction {gg — > gg and qq — > gg) do not seem to be promising reactions to 
detect quark transverse polarisation. 

The only good candidate process for measuring transversity in doubly 
polarised pp (or pp) collisions is Drell-Yan lepton pair production [9, 14,28]. 
We shall see that at lowest order contains combinations of the products 

ATf{xA) AtUxb) . 

The advantage of studying quark transverse polarisation via Drell-Yan is 
twofold: i) transversity distributions appear at leading- twist level; ii) the 
cross-section contains no unknown quantities, besides the transversity distri- 
butions themselves. This renders theoretical predictions relatively easier, with 
respect to other reactions. 

7.2 The Drell-Yan process 

Drell-Yan lepton-pair production is the process 

A (Pi) + B (P2) ^ {i) + I- {i') + X , (7.2.1) 
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where A and B are protons or antiprotons and X is the undetected hadronic 
system. The centre-of-mass energy squared of this reaction is s = (Pi + P2)^ — 
2 Pi-P2 (in the following, the hadron masses Mi and M2 will be systematically 
neglected, unless otherwise stated). The lepton pair originates from a virtual 
photon (or from a Z^) with four-momentum q = i + i' . Note that, in contrast 
to DIS, g is a time-like vector: = > 0. This is also the invariant mass of 
the lepton pair. We shall consider the deeply inelastic limit where Q^, s — > 00, 
while the ratio r = Q"^/ s is fixed and finite. 




Fig. 34. Drell-Yan dilepton production. 
The Drell-Yan (DY) cross-section is 

^ ^. jy^u (27,)4 ^ ^ (7.2.2) 

where the leptonic tensor, neglecting lepton masses and ignoring their polari- 
sation, is given by 

V = 2 [^X + 4C - % 9,)j , (7.2.3) 
and the hadronic tensor is defined as 



= T-^ y / . (2vr)^ (5^(Pi + P2 - g - Px) 

(27r)4 {2ny2Ex ^ ' ^ ^ ^ ^ ^' 

X {PiSi,P2S2\J>'mx){x\.r{o)\PiSi,P2S2) 

= ^ / "^'^ e^'?'M^i'5i,^252|J^(^)J'^(0)|Pi5i,P252). (7.2.4) 
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The phase space in (7.2.2) can be rewritten as 

(27r)3 2E {27r)^2E' ~ 8(27r)6 



(7.2.5) 



where Q is the sohd angle identifying the direction of the leptons in their rest 
frame. Using (7.2.5) the DY cross-section takes the form 



da 



a: 



We define now the two invariants 



X2 = 



2Prq 



(7.2.6) 



(7.2.7) 



In the parton model Xi and X2 will be interpreted as the fractions of the 
longitudinal momenta of the hadrons A and B carried by the quark and the 
antiquark which annihilate into the virtual photon. 

In a frame where the two colliding hadrons are coUinear (A is taken to 
move in the positive z direction) , the photon momentum can be parametrised 
as 



q'^ = ^Pr + ^P2^ + ql^ 

X2S XiS 



(7.2.8) 



Neglecting terms of order 0{i/Q^), one finds Q^/xiX2S ~ 1, that is r = 
Q'^/s — X1X2, and therefore 



qt^ = X, + X2 P^ + = xi P+, X2 P2, Qt 



Note that 



Xi ~ 



P2-q 



X2 ^ 



Pvq 



PrP2 ' PrP2 
In terms of Xi, X2 and Qt the DY cross-section reads 



da 



at 



(7.2.9) 
(7.2.10) 

(7.2.11) 



dxi dx2 d'^QT dn 4Q4 I"" 
It is customary [9,161] to introduce three vectors Z^, and defined 



as 



Prq 

PrP2 
1 



P[ 



Prq 



Pi^, 



PvP2 
P2-ZP^ -Pi-ZP^ 



PvP2 

Y^^-^e''''P''P^,P2pqa. 



(7.2.12a) 
(7.2.12b) 
(7.2.12c) 
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where Pi 2 = Pi 2 ~ (-fi,2'Q'/Q'^) Q'^- These vectors are mutually orthogonal and 
orthogonal to q^, and satisfy 



(7.2.13) 



Thus, they form a set of spacelike axes and have only spatial components in 
the dilepton rest frame. Using (7.2.9), Z^, and can be expressed as 



where 



(TfJ. _ 
Srp = 



PvP2 



PluP, 



2p 



In terms of the unit vectors 



the lepton momenta can be expanded as 



t = \q^^ |Q (sin6' cos0x^ + sin6' sin0y^ + cos 6* 5^) 
r = ig^' - lQ(sin^ cos^x'^ + sin^ sin^y'^ + cos^i'') 



(7.2.14) 
(7.2.15) 

(7.2.16) 



(7.2.17a) 
(7.2.17b) 



The geometry of the process in the dilepton rest frame is shown in Fig. 35. 




Fig. 35. The geometry of Drell-Yan production in the rest frame of the lepton pair. 
The leptonic tensor then reads 



2 sin^ e cos 20 {x^'x" + \g^^) + sin^ 6 sin '. 



+ sin 26 cos z^^x"^ + sin 29 sin z'^^y 



where 



9T 



g''" - q^^q" + z'^'z". 



(7.2.18) 
(7.2.19) 
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In the parton model, calling k and k' the momenta of the quark (or 
antiquark) coming from hadron A and B respectively, the hadronic tensor is 
(see Fig. 36) 



W"'^ = ^ E / (0 / S\k + k'-q) Tr[<|.i r $27l. (7.2.20) 

Here $1 is the quark correlation matrix for hadron A, eq. (4.1.1), $2 is the 
antiquark correlation matrix for hadron S, eq. (4.2.9), and the factor 1/3 has 
been added since in $1 and $2 summations over colours are implicit. It is 
understood that, in order to obtain the complete expression of the hadronic 
tensor, one must add to (7.2.20) a term with $1 replaced by $2 and $2 replaced 
by $1, which accounts for the case where a quark is extracted from B and an 
antiquark is extracted from A. In the following formulae we shall denote this 
term symbolically by [1 ^2]. 



Pi 




Fig. 36. The parton-model diagram for the Drell-Yan hadronic tensor. 



Hereafter the quark transverse motion (which is discussed at length in 
[161]) will be ignored and only the ordinary collinear configuration will be 
considered. 

We now evaluate the hadronic tensor in a frame where A and B move 
coUinearly, with large longitudinal momentum. Setting ~ ^iPi, /c' ~ ^2-^2 
and using (7.2.9), the delta function in (7.2.20) gives 

5\k + k' -k)= 6{k+ + k'^ - g+) 6{k- + k'' - q-) 6\qT) 
^ 5(6Pi+ - a;iP+) 5(6^2^ - X2P2") S'iQr) 

= 5(6 - xi) 5(6 - X2) S'iqr) . (7.2.21) 

-'1 -'2 

The hadronic tensor then becomes 
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4"''"y (27r)4 y (27r)4 



X IV[$i $27lfe+=.,P+,fe'-=.,P- + [1 - 2] . (7.2.22) 



Since the leptonic tensor is symmetric, only the symmetric part of W'^'^ 
contributes to the cross-section. For Tr[$i7{^$27''-^] we resort to the Fierz 
decomposition (6.5.2), with the replacements $ — > $i, S $2- Using (4.2.5a- 
c) and (4.2.12-4.2.14), we then obtain (the spins of the two hadrons are Si — 
(5iT,Ai) and S2 = {S2TA2)) 

d'qr W'^'^^W {-9t [fa{xi) Ux^) + X1X2 A^xi) AUx^) 

a 

- [SII^S^I + 5iT-52T^r] AT/a(xi) At/„(x2)} 

+ [1^2]. (7.2.23) 

In contracting the leptonic and the hadronic tensors, it is convenient to 
pass from the AB coUinear frame to the coUinear frame. We recall that, 
at leading twist, the transverse (T) vectors approximately coincide with the 
vectors perpendicular to the photon direction (denoted by a subscript _L): 
Sit — Si±, S2T — S2±, Qt" — qT ■ Therefore, the contraction L^i^W^'' can 
be performed by means of the following identities 



(7.2.24a) 



^i±^2± + Si±-S2± 



- Q^sm''e\Sii_\\S2±\ cos(20 - (Ps, - (ps,) , (7.2.24b) 

where 6 is the polar angle of the lepton pair in the dilepton rest frame and 
4>Si {4>S2) is the azimuthal angle of Si± {S2±), measured with respect to the 
lepton plane. For the Drell-Yan cross-section we finally obtain 



da 



at. 



dl]da;ida;2 AQ^ V 3 

+ Ai A2 Afaixi) AUx2)] (1 + cos^ 6) 

+ \Si±\ \S2±\ cos(20 - 05i - 05j At/„(xi) Ar/„(x2) sin^ e} 
+ [1^2]. (7.2.25) 

From this we derive the parton-model expression for the double transverse 
asymmetry: 
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4DY- d^('^i-L)'^2±) - da{Si^,-S2±) 
da{Si^,S2±) + da(5i^,-52±) 
_ I c? 1 1 cr I ^^^^ ^ cos(20 - - (j)s^) 

1 + cos2 e 

Eae2/.(xi)/,(x2) + [l--2] ' ^ ■ ■ ^ 

and we see that a measurement of directly provides the product of quark 
and antiquark transverse polarisation distributions Aj'/(xi) ATf{x2), with no 
mixing with other unknown quantities. Thus, the Drell-Yan process seems to 
be, at least in principle, a very good reaction to probe transversity. Note that 
in leading-order QCD, eq. (7.2.26) is still valid, with Q'^ dependent distribution 
functions, namely 

/iDY_ic lie I sin^ ^ cos(20 - - 0sj 

A^^ - 1 Si± 1 1 S2± I YT^e 

Eg el Arfajx,, Q')Arfaix2, Q') + [1^2] 

Here Axfix, Q'^) are the transversity distributions evolved at LO. In Sec. 9.1 
we shall see some predictions for Al^. 

7.2.1 -mediated Drell-Yan process 

If Drell-Yan dilepton production is mediated by the exchange of a 
boson, the vertex Cij^, where is the electric charge of particle i (quark 
or lepton), is replaced by (V^ + ^175) 7^, where the vector and axial- vector 
couplings are 

V. = T'-2eiSm^tf„,, 

The weak isospin T3 is +| for i = u and — | for i = ,d, s. 

The resulting double transverse asymmetry has a form similar to (7.2.26), 
with the necessary changes in the couplings. Omitting the interference contri- 
butions, it reads 

.DY,z_ic, I ley I sin^ ^ cos(20 - 0s, - 
A^^ -\Sr^\\S2±\ 1 + eos^ 9 

EaiVg' - Al) Arfaix,)Arfaix2) + [1^2] 

Ea{V,' + Al)fa{x,)Ux2) + [1^2] " ^ " " ^ 

7.3 Factorisation in Drell-Yan processes 

With a view to extending the results previously obtained to NLO in QCD, 
we now rederive them in the framework of QCD factorisation [144] . The Drell- 
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Yan cross-section is written in a factorised form as (hereafter we omit the 
exchanged term [1 2]) 



'da{Qyfi',as{fi'))] (7.3.1) 



where and ^2 are the momentum fractions of the quark (from hadron A) 
and antiquark (from B), p^^^ and p'-^^ are the quark and antiquark spin den- 
sity matrices, and ( do")aa'/3/3' is the cross-section matrix (in the quark and 
antiquark spin space) of the elementary subprocesses. As usual, 11 denotes the 
factorisation scale. 

At LO d(j incorporates a delta function of energy-momentum conserva- 
tion, namely 5^{k + k' — q), which sets ^1 = xi, ^2 = and qr = 0. Thus 
eq. (7.3.1) becomes (omitting the scales) 

- 1: i: P'l (§) JM) . (7.3.2, 

where the only subprocess is qq — > l^l^ (see Fig. 37) and its cross-section is 
f da\ 1 



/ aa'pp' 70 



q, aa' 



J2Ml^^sM.-p-,s. (7.3.3) 




q,PP' 

Fig. 37. The qq — > process contributing to DrelFYan production at LO. 
The contributing scattering amplitudes are 

M++++ = M^ , A^++__=^__++, (7.3.4) 

and the cross-section (7.3.2) reduces to 

dcr ^ I / I'll ^5,1 (T^^ \ / d(T 



d^] dxi dx2 ^ 1 \P++P++ + P--P-J \ d^] 

+ (pVU^l+pM)f^)^ ^ |/.(xO/.(x.). (7.3.5) 
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Here the spin density matrix elements are, for the quark 

/.?| = i(l + A), p« =i(l-A), 

and for the antiquark 

P?i = i(l + A), pL^Ul(l-A), 
P+- = \{s^ - i Sy) , P-+ = + i Sy) , 

so that (7.3.5) becomes 



(7.3.6a) 



(7.3.6b) 



dJl dxi da;2 2 [ \ dQ J 

+ (Sx - Sy Sy) (^^^ I fa{xi) fa{x2) ■ (7.3.7) 

At LO, the scattering amplitudes for the qq annihilation process are 

M++++^M = e^e„(l -cos^) , (7.3.8a) 

M++— = = e„ (1 + cos 9) , (7.3.8b) 

and the elementary cross-sections then read 



da\ f da 



++- 



= ^^^^sin2^. (7.3.9b) 

Inserting (7.3.9a, b) into (7.3.7) we obtain 
da 



dQdxidx2 4Q2 ^ 3 

+ (sx So; - Sy Sy) sin^ 6*} /„(xi) ]a{x-^ ■ (7.3.10) 

Using 

A /a(xi) = Ai A/„(xi) , fa{xi) = 5ix At/„(xi) , (7.3.11a) 

A /a(x2) = A2 Afa{x2) , S± /a(x2) = -S2± At/„(x2) , (7.3.11b) 
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we obtain 



da 



dQ dxi dx2 4:Q 



E 



2 ^ r> 

a 



fa{Xl)fa{x2) 

+ Ai A2 Afaixi) Afaix2)\ (1 + COS^ 6) 
+ \Sl±\ \S2±\ C0S(2(/) - 05, - (/)5j 

X ATfaixi) AtUx2) sin^ e] , (7.3.12) 



which is what we obtained in Sec. 7.2 in a different manner (see eq. (7.2.25)). 
Note that the angular factor appearing in - eq. (7.2.26) - is the elementary 
double-spin transverse asymmetry of the qq scattering process, namely 



da{sj_,s±) - da{s±,-s±) 
da{s±, s±) + da{s±, -s±) 
d(T-(-_-4— . ^ sin^ 9 



1 5.7. 5_7 



SySy) 



1 + cos2 9 



cos(20 - 03 - 0^) . (7.3.13) 



The Drell-Yan cross-section is most often expressed as a function of the 
rapidity of the virtual photon y defined as 



_ 1 g+ I Xi 
y = - In — = -m — 
^ 2 q- 2 X2 



(7.3.14) 

In the lepton cm. frame y — ^{1 + cos 9). From X1X2 = t — Q^/s, we obtain 

xi = e^ x2^V^e-y, (7.3.15) 
and (7.3.12) becomes {dy dQ^ = s dxi dx2) 
da 



a: 



dQdydQ^ AQ'^s V 3 



Ef /a(^l)/a(^2) 



+ Ai A2 A/„(xi) Afa(x2)] (1 + cos^ 9) 

+ \Si±\ \S2±\ cos(20 - - 0^2) 

X Arfaixi) AT]a{x2) sin^ 9] . (7.3.16) 



If we integrate over cos^, we obtain 

da 2al, 



dy dQ- d0 ? i i^"^^^^ ^"^^^^ + ^^^^""'^ ^'^^^""^y 

+ \\Sil_\\S21.\ COS(20 - 05i - <t>s,) Arfaixi) At/„(x2)| . 



(7.3.17) 
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* — ny6i5iT(5^ 

(a) (b) (c) 

Fig. 38. Elementary processes contributing to the transverse Drell-Yan cross-section 
at NLO: (a, b) virtual-gluon corrections and (c) real-gluon emission. 

Let us now extend the previous results to NLO. Here we are interested in 
the transverse polarisation contribution to the Drell-Yan cross-section, which 
can be written as (reintroducing the scales) 

dcTy 2 /■ 1^ /■ 1^ d^-T(QV/^^«s) 



dy dQ2 d0 V ^'J dy dQ2 d0 

X AT/a(ei,/i')AT/a(6,/i')- (7.3.18) 

We have seen that at LO, i.e., 0{<y^), the elementary cross-section is 

LO : ll^^ = ^ cos(20 - 0, - 0,-) 5(^1 - X,) 5(6 - x^) , (7.3.19) 

where 4's{4's) is the azimuthal angle of the quark (antiquark) spin, with respect 
to the lepton plane. Integrating over y we obtain 

with z = r/66 = QV66s. 

At NLO, i.e., 0{c(s), the subprocesses contributing to Drell-Yan produc- 
tion are those shown in Fig. 38: virtual-gluon corrections and real-gluon emis- 
sion. The NLO cross-section dar/ dy dQ^ d0 exhibits ultraviolet singularities 
(arising from loop integrations), infrared singularities (due to soft gluons), and 
collinear singularities (when the gluon is emitted parallel to the quark or the 
antiquark). Summing virtual and real diagrams, only the collinear divergences 
survive. Working in c? = 4 — 2e they are of the type 1/e. These singularities 
are subtracted and absorbed in the definition of the parton distributions. 

The NLO elementary cross-sections have been computed by several au- 
thors with different methods [61,74,108,162].^^ Vogelsang and Weber [108] 
were the first to perform this calculation using massive gluons to regularise the 
divergences. Soon after the authors of [162] presented a calculation based on 
dimensional reduction. The result was then translated into dimensional reg- 
ularisation in [61]. As a check of the expression given in [61], Vogelsang [74] 



16 recall that NLO corrections to unpolarised Drell-Yan were presented in [163, 
164], and to longitudinally polarised Drell-Yan in [165]. 
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has shown how to exploit the earher resuh obtained in [108]. From the de- 
tailed structure of the collinear singularities for both dimensional and off-shell 
regularisation, it is straight-forward to translate results from one scheme to 
another. 

The expression for diTr/ dy dQ^ d0 is rather cumbersome and we do not 
repeat it here (instead, we refer the reader to the original papers). The y- 
integrated cross-section is more legible and reads, in the MS scheme [74] 

X Cf < 8;2 




The quantity in curly brackets is the NLO Wilson coefficient AtC^y Drell- 
Yan. If we call A^C the quantity to be added to the Wilson coefficient in 
order to pass from the scheme of [61] to MS, the result (7.3.21) coincides 
with that of [61] for the choice A^C — —5{1 — z). On the other hand, the 
expression for A^C* claimed in [61] as providing the translation to the MS 
scheme (in dimensional regularisation) is A^C = — z) + 2{1 — z) . In [74] 
it is noted that the reason for this difference hes in the discrepancy between 
the calculation presented there and that of [61] for the (4 — 2 e) -dimensional 
LO splitting function, where extra C)(e) terms were found. The correctness of 
the result in [74] for this quantity is supported by the observation that the d- 
dimensional 2 — > 3 squared matrix element for the process qq — > jJi^ iJi~g (with 
transversely polarised incoming (anti) quarks) given there factorises into the 
product of the d-dimensional 2 — > 2 squared matrix element for qq — > 
multiplied by the splitting function /S.TPj^ in = 4 — 2e dimensions, when 
the collinear limit of the gluon aligning parallel to one of the incoming quarks 
is correctly performed. It is thus claimed that the result of [61] for the NLO 
transversely polarised Drell-Yan cross-section (in dimensional regularisation) 
corresponds to a different (non-MS) factorisation scheme. 

Finally, a first step towards a next-to-next-to-leading order (NNLO) cal- 
culation of the transversely polarised Drell-Yan cross-section was taken in 
[166]. 

7.3.1 Twist-three contributions to the Drell-Yan process 

At twist 3, transversity distributions are also probed in Drell-Yan pro- 
cesses when one of the two hadrons is transversely polarised and the other 
is longitudinally polarised. In this case, ignoring subtleties related to quark 
masses and transverse motion (so that Hl^x) = Kl^x) and gxix) = grix), see 
Sec. 4.9), the cross-section is [14,46,161] (the transversely polarised hadron is 
A) 
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dQdxidxs 4Q2 ^ 3 



+ \Si± \ A2 sin 2^ cos(0 — 



X 



a;i 5^(a;i) A/„(a;2) + ^ 0:2 Arfaixi) hl{x2 



Q 



Q 




(7.3.22) 



where the dots denote the leading-twist contributions presented in eq. (7.2.25). 

The transvcrsity distribution of quarks in hadron A is coupled to the twist- 
three antiquark distribution hi- The longitudinal-transverse asymmetry re- 
sulting from (7.3.22) is (we assume the masses of the two hadrons to be equal, 
i.e., Ml = M2 = M) 



A 



DY 
LT 



'1± 



A, 



2 sin2^^ cosf(/) — 



M 

'Q 



X 



1 + cos2 9 

Ea el \xi g^{xi) Afa{x2) + X2 Arfaixi) hl{x2) 



Ea e-lfa{xi)fa{x2) 



(7.3.23) 



Let us now consider the case where one of the two hadrons is unpolarised 
while the other is transversely polarised. Time-reversal invariance implies the 
absence of single-spin asymmetries, even at twist 3. Such asymmetries might 
arise as a result of initial-state interactions that generate T-odd distribution 
functions. If such a mechanism occurs, relaxing the naive time-reversal invari- 
ance condition (see Sec. 4.8), the Drell-Yan cross-section acquires extra terms 
and (7.3.22) becomes 



d(T 



a: 



dQda;ida;2 4g2 ^ 3 



E f • •• + 1-^1^1 sin 2^ sin(0-05j 



X 



Xl friXl) fa{x2) + X2 At/„(xi) ha{x2) 



. (7.3.24) 



Here frix) and h{x) are the twist-three T-odd distribution functions intro- 
duced in Sec. 4.8. From (7.3.24) we obtain the single-spin asymmetry 



'1± 



2 sin 26' sin(o - o<yJ M 

1 + cos2 e q" 



X 



Ea el Xl f^{Xi) fa{x2) + X2 Arfaixi) ha{x2) 



Eo 

fa(xi)faix2) 



(7.3.25) 



The existence of T-odd distribution functions has also been advocated 
by Boer [47] to explain, at leading-twist level, an anomalously large cos 20 
term in the unpolarised Drell-Yan cross-section [167-169], which cannot be 
accounted for by LO or NLO QCD [170] (it can however be attributed to 
higher- twist effects [171-173]). Boer has shown that, on introducing initial- 
state T-odd effects, the unpolarised Drell-Yan cross-section indeed acquires a 
cos 20 contribution involving the product hi{xi, k^J hi{x2, k'^). If hadron A 
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is transversely polarised, the same mechanism generates a sin(0 + term, 
which depends on Ar/(xi, k^) hf{x2, k'^^). 

It must be stressed once again that the mechanism based on initial-state 
interactions is highly hypothetical, if not at all unlikely. However, it was shown 
in [46, 174] that single-spin asymmetries might arise in Drell-Yan processes 
owing to the so-called gluonic poles in twist-three multiparton correlation 
functions [175-177]. Let us briefly address this issue (for a general discussion 
of higher twists in hadron scattering see [34,35, 178-180]). 



Pi 



Po 




Fig. 39. One of the diagrams contributing to the Drell-Yan cross-section at twist 3. 

At twist 3 the Drell-Yan process is governed by diagrams such as that in 
Fig. 39. The hadronic tensor is then (we drop the subscripts 1 and 2 from the 
quark correlation matrices for simplicity) 



3 4- " 



d^k f d^k 



f d^k' f d^k , 



(27r)4 J (27r)4 J {2tt)^ 



X Tr 



7<T 



{k — qY + ie 



+ 



(7.3.26) 



where we have retained only one of the twist-three contributions, and $^ is 
the quark-quark-gluon correlation matrix defined in (4.9.6). Neglecting l/Q"^ 
terms, the quark propagator in (7.3.26) gives {k = y\Pi) 



7 



xi - yi 



{k - qY + it 2X2P2 xi-yi + ie 
Let us now introduce another quark-quark-gluon correlator 



(7.3.27) 
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X {PS\(l)j{0) F+f'{7]n) <Pi{Tn)\PS) , (7.3.28) 

which can be parametrised as, see the analogous decomposition of y) 
eq. (4.9.10), 

Hpix, y) XNl^l^^f + Ef{x, y) ^i.^} ■ (7.3.29) 



+ 



In the = gauge one has F'^'^ = d'^Aj_ and by partial integration one 
finds the following relation between <^'^{x,y) and ^p{x,y) 

{x - y) $^;(x, y) = -i $^(x, y) . (7.3.30) 

Thus, if some projection of ^) non-zero, the corresponding projection 

of $^(x, x) must have a pole (the "gluonic pole"). 

From (7.3.27) and (7.3.30), we sec that the trace in the twist-three term 
of (7.3.26) contains the quantity (P.V. stands for principal value) 

^\{x,,y,) = ^^$-(a;„y,) 



xi-yi + ie 2^1 - yi + ie 

= P.V.^$^(a;,|/) 

X — y 

-7r5(a;i-2/i)$^(a;i,a;i). (7.3.31) 

Keeping the real term in (7.3.31) one ultimately finds that the Drell-Yan cross- 
section with one transversely polarised hadron and one unpolarised hadron 
involves, at twist 3, the multiparton distributions Gf{xi.,Xi) and Ep{xi^xi) 
(the former is proportional to the distribution T{xi,xi) introduced in [174, 
176]). The single-spin asymmetry is then expressed as 

.DY icr I 2sin2^^ sin(0-05i) M 

i^^e Q 

Eg el [GUxi,Xl) UX2) + ^TfajXl) EUX2, X2)] 3 
fa{xi)fa{x2) 

To establish a connection between (7.3.32) and (7.3.25), let us now invert 
jp+fj. — Q+j[i^^ hence obtaining 

mx, y) = l 6{x - y) [^^^^{x) + ^'^^.^^{x) 

+ P.V.^^$^(x,y). (7.3.33) 

X — y 
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If we impose antisymmetric boundary conditions [46], i.e., 



Kioo)i^) = -Ki-oo)i^) . (7.3.34) 

then (7.3.33) reduces to 

$^(a:, y) = P.V. $^(x, y) . (7.3.35) 
x-y 

and (7.3.31) becomes ("eff" stands for "effective") 

xi-yi + le 

= *^(a;i, i/i) - TT 5{x^ - yi) $^(a;i, a:i) . (7.3.36) 

Now, the important observation is that and have opposite behaviour 
with respect to time reversal and hence ^"^^ has no definite behaviour un- 
der this transformation. Consequently, the T-even functions of $^ can be 
identified with T-odd functions in the effective correlation matrix $2^^. This 
mechanism gives rise to two effective T-odd distributions f^{x) and ff^{x), 
which are related to the multiparton distribution functions by [46] (omitting 
some factors) 

ff{x) r^Jdy lmG'f{x,y) ~ Gf{x,x) , (7.3.37a) 
h^^{x) r^Jdylm Ef{x, y) ~ Ef{x, x) . (7.3.37b) 

In the light of this correspondence one can see that eq. (7.3.25), based on T- 
odd distributions, and eq. (7.3.32), based on multiparton distributions, trans- 
late into each other. Thus, at least in the case in which the T-odd functions 
appear at twist 3, there is an explanation for them in terms of quark-gluon 
interactions, with no need for initial-state effects. 

In conclusion, let us summarise the various contributions of transversity 
to the Drell-Yan cross- section in Table 5. 

7.4 Single-spin transverse asymmetries 

Consider now inclusive hadron production, A + B h + X . If only one of 
the initial-state hadrons is transversely polarised and the final-state hadron is 
spinless (or its polarisation is unobserved) , what is measured is the single-spin 
asymmetry 

_ da(5T) - da(-5T) , . 

^~ MSt)+ M-St)' ^ ^ 

As we shall see, single-spin asymmetries are expected to vanish in leading-twist 
in perturbative QCD (this observation is originally due to Kane, Pumplin and 
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Table 5 

Contributions to the Drell-Yan cross-section involving transversity. The asterisk 
denotes T-odd terms. 



Drell-Yan cross-section 



A 


B 


observable 


twist 2 T 


T 


At/(xi)At/(x2) 


twist 3 T 





At/(Xi) hix2) (*) 


T 


L 





Repko [6]). They can arise, however, as a consequence of quark transverse- 
motion effects [17,40,124] and/or higher-twist contributions [7,8,175,176]. In 
the former case, one probes the following quantities related to transversity: 

• Distribution functions: Axfix) (transversely polarised quarks in a trans- 
versely polarised hadron), f^{x,k^) (unpolarised quarks in a transversely 
polarised hadron), hi{x,k^) (transversely polarised quarks in an unpo- 
larised hadron). 

• Fragmentation functions: H^^z^k^) (transversely polarised quarks frag- 
menting into an unpolarised hadron), D^j,{z,k^) (unpolarised quarks frag- 
menting into a transversely polarised hadron). 

The twist-three single-spin asymmetries involving the transversity distri- 
butions contain, besides the familiar unpolarised quantities, the quark-gluon 
correlation function Ef{x, y) of the incoming unpolarised hadron and a twist- 
three fragmentation function of the outgoing hadron (see below. Sec. 7.4.2). 

Let us now enter into some detail. We consider the following reaction (see 
Fig. 40): 

A\Pa) + B{Pb) ^ h{Ph) + X, (7.4.2) 
where A is transversely polarised and the hadron h is produced with a large 
transverse momentum Pht-i so that perturbative QCD is applicable. In typical 
experiments A and B are protons while /i is a pion. 

The cross-section for (7.4.2) is usually expressed as a function of P^j, and 
of the Feynman variable 

_2P/.L t-u 
xf = —;=- = , (7.4.3) 

where Phi is the longitudinal momentum of h, and s, t, u are the Mandelstam 
variables 

s={Pa + Pb)\ t={PA-Ph)\ u={PB-Phf. (7.4.4) 



127 



Fig. 40. Hadron-hadron scattering with inclusive production of a particle h. 



The elementary processes at lowest order in QCD are two-body partonic 
processes 

a{ka) + h{h) ^ c{K) + d{kd) . (7.4.5) 
In the coUinear case we set 

ka = XaPA, kb = XbPB, kc = - Ph ■ (7.4.6) 

z 

and the partonic Mandelstam invariants are 

S = {ka + kbY C:^ XaXbS , (7.4.7a) 

i={ka-k,rc^^, (7.4.7b) 

z 

u = {kb-k,fc:.^. (7.4.7c) 

2 



Thus the condition s + i + u = implies 

Z = 



(7.4.8) 



According to the QCD factorisation theorem the differential cross-section 
for the reaction (7.4.2) can formally be written as 

da = 5] ^ pI,^ fa{xa) ® h{xb) ® da„,,^y ® V'lj.iz) . (7.4.9) 

abc aa'^yy' 

Here /„ (fb) is the distribution of parton a (6) inside the hadron A (B), p^^, 
is the spin density matrix of parton a, 'D'JJ^ is the fragmentation matrix of 
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parton c into hadron h, and da/ dt is the elementary cross-section: 
f da\ 11 



dt 



167rs2 2 



5 5 



(7.4.10) 



(35 



where M.af3-yS is the scattering amphtude for the elementary partonic process 
(see Fig. 41). 



a, a 



7,7 




/3 S 
Fig. 41. Elementary processes contributing to hadron-hadron scattering. 

If the produced hadron is unpolarised, or spinless, as will always be 
the case hereafter, only the diagonal elements of 'DJJ^ are non-vanishing, 

where Dh/^ is the unpolarised fragmentation function. 



%. e. 



7)77 
^h/c 



Together with helicity conservation in the partonic subprocess, this implies 
a = a'. Therefore, in (7.4.10) there is no dependence on the spin of hadron A 
and all single-spin asymmetries are zero. 

To escape such a conclusion we must consider either the intrinsic trans- 
verse motion of quarks, or higher-twist effects. 



7.4.1 Transverse motion of quarks and single-spin asymmetries 

Let us first of all see how the transverse motion of quarks can generate 
single-spin asymmetries. This can happen in three different ways: 

(1) Intrinsic in hadron h implies that "D/J^ is not necessarily diagonal 
(owing to T-odd effects at level of fragmentation functions). 

(2) Intrinsic fc^ in hadron A implies that fa{xa) in (7.4.9) should be replaced 
by the probability density Va{xa,kT), which may depend on the spin of 
hadron A (again, owing to T-odd effects but at the level of distribution 
functions) . 

(3) Intrinsic k'j, in hadron B implies that fb{xb) in (7.4.9) should be replaced 
by Vb{xb,k'rp). The transverse spin of parton b inside the unpolarised 
hadron B may then couple to the transverse spin of parton a inside A 
(this too is a T-odd effect at the level of distribution functions). 

Effect 1 is the Collins effect [17], effect 2 is the Sivers effect [40], and effect 
3 is the effect studied by Boer [47] in the context of Drell-Yan processes 
(Sec. 7.3.1). We stress that all these intrinsic kt, kr, or k'j^ effects are T-odd. 

When the intrinsic transverse motion of quarks is taken into account, the 
QCD factorisation theorem is not proven. We assume, however, its validity 
and write a factorisation formula similar to (7.4.9), that is explicitly 
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a -tr ht 7 t a rut I J J " J J IT Z 

aoc aa'pp'jY 

X Vaixa, kr) Pl,^ V,{x,, k'^) p\,^ Vtl{z, Kr) , (7.4.11) 

where 

To start with, let us consider the Colhns mechanism for single-spin asym- 
metries [17,26]. We take into account the intrinsic transverse motion of quarks 
inside the produced hadron h (which is responsible for the effect), and we ne- 
glect the transverse momenta of all other quarks. Thus eq. (7.4.11) becomes 



" aoc aa 77 



da 



X Ja{Xa) Pi,. Mx,) [ — ] Vl/^iz, Kt) , (7.4.13) 



dt J aa'77' 



and the elementary cross-sections are given by (7.4.10), with Kt retained. We 
are interested in transverse spin asymmetries (\o{^St) — d(T(— St)- Therefore, 
since we are neglecting the intrinsic fcy motion inside A, the spin density ma- 
trix elements of our concern are p\_ and _|_, and the contributing elementary 

cross-sections are d(T+_+_ = da_+_+ and da^ |_ = d(7_+_|__. 

Using eqs. (4.3.7) and (6.7.24a-d) we find, with our choices of axes 

da(5'r) d(T(-5T) _ 

— TTT; -^/i 



-2|S^r| y) / dXa / dXfe / ^Kt — ^rfaiXa) fb{Xb) 



abc 

I ( 

X 



j sin((/)« + 05) + j sin((/)« - ^5) 

xA^j.Dn/c{z,Kl), (7.4.14) 

where 0^ and 05 are the azimuthal angles of and St, respectively, and 
A^Dh/c is the T-odd fragmentation function related to Hi±, see (6.5.11). 

In particular, if the spin of hadron A is directed along y, eq. (7.4.14) takes 
the form 

dajST) da{-ST) _ 

- 2\St\ EjdXaJ^J d'KTATfaiXa) h{x,) 
abc 

X ATT^{Xa, Xb, Kt) A.^Dh/c{z, K^) , (7.4.15) 
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where the elementary double-spin asymmetry AttO" is given by 




(7.4.16) 

Equation (7.4.15) gives the single-spin asymmetry under the hypothesis 
that only the CoUins mechanism (based on the existence of the T-odd frag- 
mentation functions A° D/j/c or Hi±) is at work. Another source of single-spin 

asymmetries in hadron-hadron scattering is the Sivers effect [26,39,40,181], 
which relies on T-odd distribution functions. This mechanism predicts a single- 
spin asymmetry of the form 

daiSr) p dai-Sr) 



dxb 



\St\ T^l^^aJf^J d'kTA^Ux,,kl)Mx,) 

abc 



X ^{xa, Xb, kr) Dh/c{z) , (7.4.17) 

where Aq/, (related to f^) is the T-odd distribution defined in (4.8.3a). 

Finally, the effect studied by Boer in [47] gives rise to an asymmetry 
involving the other T-odd distribution, A^/ (or hj^), defined in (4.8.3b). This 
asymmetry reads 

da(5r) da(-5r) _ 

-2\St\ J2[d^a[^ [ d'k'^ATfa{Xa)Ayb{Xb,k"^) 

X ATT^'{Xa, Xb, fey) Dh/c{z) , (7.4.18) 

where the elementary asymmetry is 

^, dala^b^ — > cd) dala^b^ cd) , „, 

Atto-' = ^ ^ ^ . (7.4.19) 

dt dt 

The caveat of Sec. 4.8 with regard to initial-state interaction effects, which 
are assumed to generate the T-odd distributions, clearly applies here and 
renders both the Sivers and the Boer mechanisms highly conjectural. In the 
next section we shall see how single-spin asymmetries emerge at higher twist. 



7.4-2 Single-spin asymmetries at twist three 

In the eighties Efremov and Teryaev [7, 8] pointed out that non- vanishing 
single-spin asymmetries can be obtained in perturbative QCD if one resorts 
to higher twist. These asymmetries were later evaluated in the context of 
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QCD factorisation by Qiu and Sterman, who studied direct photon production 
[175,176] and, more recently, hadron production [177]. This program has been 
extended to cover the chirally-odd contributions by Kanazawa and Koike [182, 
183]. Here we hmit ourselves to quoting the main general results of these works 
(for a phenomenological analysis see Sec. 9.1). 

At twist 3 the cross-section for the reaction (7.4.2) can be formally written 

as 

da = J2 {Gpi^a, Va) ® h{xh) Dh/c{z) 

abc 

+ Arfaixa) ® E^p{xb, yb) ® da' ® Dh/c{z) 

+ Arfaixa) ® hixb) ® da" ® L>f/^(;^) } , (7.4.20) 

where GF{xa,Xh) and EF{xa,Xb) are the quark-gluon correlation functions 
introduced in Sec. 7.3.1, Df^^^ is a twist-three fragmentation function (that 
we do not specify further), and do", da' and da" are cross-sections of hard 
partonic subprocesses. 

The first line in (7.4.20), which does not contain the transversity dis- 
tributions, corresponds to the chirally-even mechanism studied in [177]. The 
second term in (7.4.20) is the chirally-odd contribution analysed in [182]. The 
elementary cross-sections can be found in the original papers. In Sec. 9.1 we 
shall see how the predictions based on eq. 7.4.20 compare with the available 
data on single-spin asymmetries in hadron production. In practice, it turns 
out that the transversity-dependent term is negligible [183]. 
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8 Model calculations of transverse polarisation distributions 



As we have no experimental information on the transvcrsity distributions 
yet, model calculations are presently the only way to acquire knowledge of 
these quantities. This section is devoted to such calculations. We shall see how 
the transverse polarisation distributions have been computed using various 
models of the nucleon and other non-perturbative tools. In particular, three 
classes of models will be discussed in detail: 

(1) relativistic bag-like models, such as the MIT bag model and the colour 
dielectric model, which are dominated by the valence component; 

(2) chiral soliton models, in which the sea plays a more important role and 
contributes significantly to various observables; 

(3) light-cone models, based on the Melosh rotation. 

Results obtained in other models, not included in the above list (for in- 
stance, diquark spectator models) , via QCD sum rules and from lattice calcu- 
lations will also be reported. Quite obviously, the presentation of all models 
will be rather sketchy, our interest being essentially in their predictions for the 
quark and antiquark transversity distributions. 

What models provide is the nucleon state {i.e., the wave functions and 
energy spectrum), which appears in the field-theoretical expressions (4.2.5a- 
c) of quark distributions. In general, however, it is impossible to solve the 
equations of motion exactly for any realistic model. Hence, one must resort to 
various approximations, which clearly affect the results of the calculation. In 
order to test the validity of the approximations (and of the models) one may 
check that the computed distributions fulfill the valence-number sum rules 



and that they satisfy other theoretical constraints, such as the Soffer inequality 
(see Sec. 4.6) 



As seen in Sec. 5, the renormalisation of the operators in the matrix 
elements of cqs. (4.2.5a-c) introduces a scale dependence into the parton dis- 
tributions. In contrast, when computed in any model, the matrix elements 
of (4.2.5a-c) are just numbers, with no scale dependence. The problem thus 
arises as to how to reconcile QCD perturbation theory with quark models. 
Since the early days of QCD various authors [184-186] have proposed the an- 
swer to this question: the twist-two matrix elements computed in quark models 
should be interpreted as representing the nucleon at some fixed, low scale Qq 
(we shall call it the model scale). In other terms, quark models provide the 
initial condition for QCD evolution. The experience accumulated with the ra- 
diative generation models [187-189] has taught us that, in order to obtain a 

Throughout this section the transversity distributions will be denoted by A^q 
and the tensor charges will be called Sq. 




(8.0.1) 




(8.0.2) 
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picture of the nucleon at large in agreement with experiment (at least in 
the unpolarised case), the nucleon must contain a relatively large fraction of 
sea and glue, even at low momentum scales. Purely valence models are usually 
unable to fit the data at all well. 

Although the model scale has the same order of magnitude in all models 
(Qo ~ 0.3 — 0.8 GeV), its precise value depends on the details of the model and 
on the procedure adopted to determine it. The smallness of clearly raises 
another problem, namely to what extent one can apply perturbative evolution 
to extrapolate the quark distributions from such low scales to large . This 
problem is still unresolved (for an attempt to model a non-perturbative evo- 
lution mechanism in an effective theory see [190,191]) although the success of 
fits based on radiatively generated parton distributions [187, 192-194] inspires 
some confidence that the realm of perturbative QCD may extend to fairly 
small scales. 

8.1 Bag-like models 

In bag-like models (the MIT bag model [195-197] and the colour dielectric 
model [198-200] (CDM)) confinement is implemented by situating the quarks 
in a region characterised by a value of the colour dielectric constant of order 
unity. The value of the dielectric is zero outside the nucleon, that is, in the true 
vacuum, from which the coloured degrees of freedom are expelled. A certain 
amount of energy is associated with the excitation of non-perturbative gluonic 
degrees of freedom. This energy is described by the so-called vacuum pressure 
in the MIT bag model and by excitations of a phenomenological scalar field 
in the CDM. 

The two models (MIT bag and CDM) differ in the following points. In 
the MIT bag model the interior of the bag is supposedly described by per- 
turbative QCD and quarks have current masses; confinement is imposed by 
special boundary conditions at the surface of the bag and the bag itself has 
no associated dynamics. In contrast, in the CDM chiral symmetry is broken 
both inside and outside the nucleon, in a manner somewhat similar to the 
(T-model [201, 202]. Quark confinement is due to interaction with the phe- 
nomenological scalar field which describes the non-perturbative gluonic de- 
grees of freedom. There is no rigid separation between "inside" and "outside" , 
and confinement is implemented dynamically. 

8.1.1 Centre-of-mass motion 

A problem arising in many model calculations is the removal of spurious 
contributions to physical observables due to the centre-of-mass motion (for 
a comprehensive discussion of this matter, see the book by Ring and Schuck 
[203]). The origin of the problem lies in the fact that the solution of classical 
equations of motion [i.e., the mean- field approximation) breaks translational 
invariance. 

A way to restore this invariance is to first define the quantum state of the 
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nucleoli at rest, and then minimise the normally- ordered Hamiltonian in this 
state. In the evaluation of specific operators, boosted states of the nucleon are 
also required. The difficulty of boosting the states renders the procedure hard 
to fully implement. 

A (non-relativistic) method frequently used to construct momentum 
eigenstates is the so-called Peierls-Yoccoz projection [203]. Writing \R,3q) 
to denote a three-quark state centred at R: 

\R, 3q) = b\{R) bl{R) bl{R) \R, Oq) , (8.1.1) 

where \R, Oq) is the quantum state of the empty bag, a generic nucleon eigen- 
state of momentum P may be written as 

= ^3(p\p^ / e^''-'' 3g) , (8.1.2) 



with normalisation 



l^3(P°,P)r = ^/ d'Re'''-^{R,3q\0,3q). (8.1.3) 

The expectation value of the normally-ordered Hamiltonian in the pro- 
jected zero-momentum eigenstate is 

(P = 0|P = 0) ^ ' 

Minimisation of this quantity amounts to solving a set of integro-differential 
equations, for which a variational approach is generally adopted. In the lit- 
erature this procedure is known as "variation after projection" (VAP), to be 
distinguished from the simpler "variation before projection" (VBP), which 
consists of minimising the unprojected Hamiltonian first and then using the 
solutions in the Peierls-Yoccoz projection (8.1.2). For a detailed discussion of 
these techniques see [204,205]. 

8.1.2 The quark distributions in bag models 

In the (projected) mean- field approximation, the matrix elements defining 
the distribution functions can be rewritten in terms of single-particle (quark 
or antiquark) wave functions, after inserting a complete set of states between 
the two fermionic fields ip and tjj [206,207]. The intermediate states that con- 
tribute are 2q and Sqlq states for the quark distributions, and 4g states for 
the antiquark distributions (see Fig. 42). 

The leading- twist quark distribution functions read (/ is the flavour) 
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6- 



(a) (b) (c) 

Fig. 42. Intermediate states in the parton model: (a) 2q, (b) 3qlq and (c) 4g. 

(Ifi^) = E E ^(/' «' H K{x) , (8.1.5a) 

= E E ^(/' (-1)^"+'+^'^^ , (8.1.5b) 



ATg/(a:) = EEW,«,H 



;-l)(™+i+'")i7„(x) 



(8.1.5c) 



where 



G'a(x) 

HJx) 



^a(Pa)5((l-x)P^ 



(27r)3(2p0) 
m2(p^) + 2m(p«) t;(p„) ^ + v'^{j)o) 



2 fi^f - 
1 _ (p^X 



(8.1.6) 



In (8.1.6) u and w are respectively the upper and lower components of the 
single-quark wave functions, m is the projection of the quark spin along the 
direction of the nucleon spin, and P(/, a, m) is the probability of extracting 
a quark (or inserting an antiquark) of flavour / and spin m, leaving a state 
generically labelled by the quantum number a. The index ia takes the value 
when a quark is extracted and 1 when an antiquark is inserted. The overlap 
function Aa{pQ) contains the details of the intermediate states. The antiquark 
distributions are obtained in a similar manner (the index ia is 1 for the 4g 
states). 

When a quark (or an antiquark) is inserted, it can give rise to an infinite 
number of states. Among all four-particle intermediate states, only that corre- 
sponding to a quark or an antiquark inserted into the ground state is usually 
considered because excited intermediate states have larger masses and, as will 
be clear in the following, give a negligible contribution to the distribution 
functions. 

Concerning the antiquark distributions, we recall from Sec. 4.2 that the 
following formal expressions hold 
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q(^x) = -q{-x) , 
Aq{x) = Ag(— ,t) , 



(8.1.7a) 
(8.1.7b) 
(8.1.7c) 



Although some authors use these relations to calculate the antiquark distribu- 
tions by extending the quark distributions to negative x, it should be recalled 
that this is an incorrect procedure. The reason, explained in Sec. 4.3, is that 
for a; < there are semi- connected diagrams that contribute to the distribu- 
tions whereas in computing the quark distribution functions in the physical 
region one considers only connected diagrams (as stressed by Jaffe [37], this 
indeed defines the parton model). 

It is important to note that, in the non-relativistic limit, where the lower 
components of the quark wave functions arc neglected, the three currents in 
eq. (8.1.6) coincide. This implies, in the light of (8.1.5b, c), that ignoring 
relativistic effects the helicity distributions are equal to the transversity dis- 
tributions. This is obviously only valid at the model scale (i.e., at very low 
Q"^) since, as shown in Sec. 5.4, QCD evolution discriminates between the two 
distributions, in particular at small x. 

In eqs. (8.1.6) energy-momentum conservation is enforced by the delta 
function. This is also responsible for the correct support of the distributions, 
which vanish for x > 1. In fact, rewriting the integral in (8.1.6) as 

/ d3pa5((l-x)P+-p+) -27r r dpaPa: (8.1.8) 

where {nia is the mass of the intermediate state) 

_ M\l - xY - ml 
~ 2M(1 - x) 

one sees that for x — > 1 the lower limit of integration tends to infinity and 
(8.1.8) gives zero. 

The distributions are centred at the point x = 1 — (ma/M), which is 
positive for the 2q term and negative for the Aq and 3qlq terms. In the latter 
case only the tails of the distributions (which are centred in the non-physical 
region x < 0) contribute to the physical region < a; < 1. More massive 
intermediate states would lead to distributions shifted towards more negative 
X values, and hence are negligible. 

Let us now address the problem of the saturation of the Soffer inequality. 
First of all, note that the three quantities Fa, Ga and defined in (8.1.6) 
satisfy 

Fa{x)+Ga{x)^2Ha{x). (8.1.10) 

This has led to the erroneous conclusion [38] that the inequality is saturated 
for a relativistic quark model, such as the MIT bag model. It is clear from 
eqs. (8.1.5a-c) that the spin-fiavour structure of the proton, which results 
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in the appearance of the probabihties P{f,a,m), spoils this argument and 
prevents in general the saturation of the inequality. 

Soffer's inequality is only saturated in very specific (and quite unrealis- 
tic) cases. For instance, it is saturated when P(/, a, — |) = 0, which happens 
if the proton is modelled as a bound state of a quark and scalar diquark. 
It is interesting to note that in SU(6) the A° hyperon is indeed a bound 
state of a scalar-isoscalar ud diquark and an s quark: thus the transversity 
distribution of the latter attains the maximal value compatible with the in- 
equality. Another instance of saturation occurs when = Ga = Ha and 
P(/, a, — |) = 2P(/, a, |). It is easy to verify that this happens for the d 
quark distribution in a non-relativistic model of the proton with an SU(6) 
wavefunction. Apart from these two special cases, Soffer's inequality should 
not generally be expected to be saturated. 

8.1.3 Transversity distributions in the MIT bag model 

Calculations of structure functions within the MIT bag model have been 
performed by various authors, using different versions of the model [206-210]. 
The transversity distributions, however, have been evaluated only in the sim- 
plest non-chiral version of the MIT bag. 

In the first calculation of A^g [14], the distributions were estimated using 
the formalism developed in [208], with no attempt to restore translational in- 
variance. The single-quark wave functions of the non-translationally invariant 
bag are used directly in the evaluation of the matrix elements. The single- 
quark contribution to the transversity distributions, corresponding to Ha{x) 
in (8.1.6), is then 



uj„MR 



27r(a;„ - l)jo{uJn) Avminl 



4-2 , r,. . ymin ,2 / l/min 



y 



y 



^.1.11) 

where Un is the n-th root of the equation tana;„ = — c^n/ {uJn — 1) and ymm — 
xRM — cun- R and M are the bag radius and nucleon mass, respectively, and 
RM — Aujn. The functions t^ and ti are defined as 



ti (a;„, y)= j du u^ji {u ujn)3i {uy) , 
Jo 



(8.1.12) 



where ji is the Z-th order spherical Bessel function. For completeness, we also 
give the unpolarised and helicity contributions 



F{x)^ 
G{x)^ 



UJnMR 



2TT{Un - l)jo('^n) -'lyminl 

UJnMR 

2'K{Un - l)jo('^n) -/lyminl 

l/iniii 



X 



to + 2^0^! 



y 



+2 I r). . l/min 
Ir. -+- ZCoIl 



dyy 
dyy 



^^2(2/^-n 



- 1 



(8.1.13a) 



(8.1.13b) 
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To obtain the quark distributions one must insert F{x), G{x) and H{x) into 
eqs. (8.1.5a-c), along with the probabihties P(/, a, n). In [14,208] only valence 
quarks were assumed to contribute to the distributions, hence the intermediate 
states I a) reduce to the diquark state alone. Therefore, the quark distributions 
are just proportional to F{x), G{x) and H{x). In particular, with an SU(6) 
spin-flavour wave function one simply has 

Am(x) = \ G{x) , M{x) = -\ G{x) , (8.1.14) 
and analogous relations for A^-u and A^-d with G{x) replaced by H{x). 
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Fig. 43. Single-quark contributions to the distribution functions in the MIT bag 
model of [14] . 

The quantities F(x\ Gix) and H(x) are plotted in Fig. 43. As one can 
see, the transversity distributions arc not so different from those for helicity. 
Since translational invariance is lost, the distributions do not have the correct 
support. Thus, the integral of F{x) over x between and 1 is not unity, as 
it should be. In particular, one has /g^ F{x) dx = 0.90. This normalisation 
problem can be overcome (although in a very ad hoc manner) by integrating 
between — oo and oo, since F{x) da; = 1. Proceeding in this manner, for 
the tensor charges one obtains 

Su=- H{x)dx^l.09, Sd=-- H{x) dx ^ -0.27 , (8.1.15) 

o J —oo o J —oo 

to be compared with the axial charges obtained similarly: l^u — 0.87 and 
M= -0.22. 

Stratmann [211] recomputed g(a;), Aq{x) and /S.Tq{x) in the MIT bag 
model, introducing a Peierls-Yoccoz projection to partially restore the trans- 
lational invariance. However, he did not perform a VAP calculation. Since 
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the masses of the intermediate states were not computed within the model, 
the number sum rules turned out to be violated. Another problem of the 
approach of [211] is that the antiquark distribution functions were evaluated 
using eqs. (8.1.7a~c) (we have already commented on the inconsistency of such 
a procedure in Sec. 8.1.2). 

The MIT bag model was also used to compute the transversity distribu- 
tions in [212]. The technique adopted in this work is rather different from that 
discussed above and is based on a non-relativistic reduction of the relativistic 
wave function (for a discussion of this non-covariant approach see also [213]). 
The results of [212] for hi = ^J2f ^}^TQf and gi = ^J2f^}^Qf ^.re shown in 
Fig. 44. 




.01 .02 .05 .1 .3 .5 1 .01 .02 .05 .1 .2 .5 1 



Fig. 44. The transversity distribution /ii(x,(5o) (continuous line) and the spin 
distribution function gi{x,QQ) (dashed line) for the MIT bag model at the ini- 
tial scale Qq. The corresponding evolved distributions /ii(x,Q^) (dotted line) and 
gi{x, Q"^) (dot-daslicd line) are obtained starting from (a) Qq = 0.079 GeV^ and (b) 
Ql = 0.75 GeV^. From [212]. 



8.1.4 Transversity distributions in the CDM 

The transversity distributions were calculated in the colour dielectric 
model in [98] . In particular, the chiral version of the CDM was used, in which 
the splitting between the masses of the nucleon and delta resonance, or be- 
tween the scalar and vector diquark, is due to the exchange of pions, instead 
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of perturbative gluons. Although this model suffers a number of drawbacks, 
its main technical advantage with respect to the MIT bag model is that it al- 
lows a full VAP procedure to be performed, since confinement is implemented 
by a dynamical field, not by a static bag surface. For the same reason, the 
valence-number sum rules turn out to be fulfilled (to within a few percent) 
if the masses of the intermediate states are consistently computed within the 
model. As we shall see, the Soffer inequalities are also satisfied, for both quarks 
and antiquarks. 

The Lagrangian of the chiral CDM is 

C = Y^^^dfj^i) + - (cr + i75T-7r) -0 

+ \ [d^xf - \M\' + i {d,af + i {d,7,f - U {a, tt) , (8.1.16) 

where U{a,Tz) is the usual Mexican-hat potential, see e.g., [214]. C describes a 
system of interacting quarks, pions, sigma and a scalar-isoscalar chiral singlet 
field X- The chromodielectric field % incorporates non-perturbative gluonic 
degrees of freedom. Through their interaction with the x field, the quarks 
acquire a mass that increases strongly at the boundary of the bag, hence 
leading to absolute confinement. 

The parameters of the model are: the chiral meson masses rrij^ = 0.14 GeV, 
rua = 1.2 GeV (the precise value of this parameter is actually irrelevant), the 
pion decay constant /^r = 93MeV, the quark-meson coupling constant g, and 
the mass M of the x field. The parameters g and M, which are the only free 
parameters of the model, can be uniquely fixed by reproducing the average 
nucleon-delta mass and the isoscalar radius of the proton. 

The chiral CDM Lagrangian (8.1.16) contains a single-minimum potential 
for the chromodielectric field %: V{x) = |^^X^- A double-minimum version 
of the CDM is also widely studied and used (see for instance [215]). The 
structure functions computed in the two versions of the chiral CDM do not 
differ sensibly. 

The solution of the field equations for the chiral CDM proceeds through 
the introduction of the so-called hedgehog ansatz, which corresponds to a 
mean-field approximation [217]. The technique used to compute the physi- 
cal nucleon state is based on a double projection of the mean- field solution 
onto linear- and angular-momentum cigenstatcs. This technique has also been 
used to compute the static properties of the nucleon [214], the unpolarised 
and the longitudinally polarised distribution functions [215], and the nucleon 
electromagnetic form factors [218]. We refer the reader to these papers for 
more detail. A different technique to obtain states of definite angular mo- 
mentum and isospin, based on the quantisation of the collective degrees of 
freedom associated with the rotation of the hedgehog state, will be mentioned 

The single-minimum CDM seems to be preferable in the light of quark matter 
calculations [216]. 
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in Sec. 8.2.1. Let us simply remark that in the chiral CDM the chiral field 
cannot develop a non-zero winding number and its value is always very small. 
Thus, the choice of a specific technique to obtain physical states from the 
hedgehog is less critical in the chiral CDM than in other models. 




Fig. 45. The transversity distributions x/S.t(i{x) in the colour dielectric model 
(from [98]). Left: the quark distributions xA^tt and xA^d. Right: the antiquark 
distributions x/S.tu and xArd. The distributions are shown at the model scale 
Ql = 0.16 GeV^ and at = 2hGeY'^. 

In Fig. 45 we show the results of the calculation in [98]. One of the features 
of the distributions computed in the CDM is their rapid falloff and vanishing 
for X > 0.6. This is due to the soft confinement of quarks, which do not carry 
large momenta. It should also be stressed that the Peierls-Yoccoz procedure, 
which is a non-relativistic approximation, becomes unreliable at large x. Note 
also that the sea contribution is rather small. 

As for the model scale Ql, in [98,215,219] it was determined by matching 
the value of the momentum fraction carried by the valence, as computed in 
the model, with that obtained by evolving backward the value experimentally 
determined at large Q^. The result is Qq = 0.16 GeV^. Proceeding in a similar 
manner, Stratmann found Ql = 0.08 GeV^ [211] in the MIT bag. The CDM 
distributions evolved from Ql = 0.16GeV^ to Q^ = 25 GeV^ are also shown 
in Fig. 45. Needless to say, perturbative evolution from such low Ql values 
should be taken with some caution. The tensor charges computed in the CDM 
are (at = 0.16 GeV^) 

5u^ 1.22, Sd=-OM, (8.1.17) 
whereas the axial charges are Au — 1.08 and Ad — —0.29 (see Table 6). 

8.2 Chiral models 

In chiral models the qq excitations are described in terms of effective 
degrees of freedom represented by chiral fields. There is now a huge variety 
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of models of this type and, as already seen in Sec. 8.1, bag-like models also 
admit chiral versions. In this section we shall focus on two models: the chiral 
quark soliton model (CQSM) [220,221], which can be also derived from the 
Nambu-Jona-Lasinio model by imposing non-linear constraints on the chiral 
fields [222-228], and the chiral quark model (CQM) [229]. 

The main difference between these two models is that in the CQSM chiral 
symmetry is dynamically broken within the model itself, while in the CQM 
quarks have large dynamical masses arising from a process of spontaneous 
chiral-symmetry breaking which is not described by the model. Another im- 
portant difference, reflected in the naming of the two models, is that in the 
CQSM a non-trivial topology is introduced, which is crucial for stabilising 
the soliton, whereas in the CQM chiral fields are treated as a perturbation. 
Finally, while the CQSM is a non-confining model, confinement may be intro- 
duced into the CQM, starting from a non-chiral confining model and dressing 
the quarks with chiral fields. 

As for the nucleon spin structure, chiral models are characterised by a 
depolarisation of the valence quarks, due to a transfer of total angular momen- 
tum of the nucleon into the orbital angular momentum of the sea, described 
by the chiral fields. This feature has made the chiral models quite popular for 
the study of the nucleon spin structure. 

8.2.1 Chiral quark-soliton model 

The basic idea of the chiral quark-soliton model is to describe the 
low-energy behaviour of QCD by two effective degrees of freedom, Nambu- 
Goldstone pions and quarks with a dynamical mass. The model is described 
by the following vacuum functional [220,221] 

exp{i5eif[7r(x)]} = j DV^DV^expji j d^x (17'^^^ - mC/^«) V'j , (8.2.1) 

with 

C/ = exp[i7r"(a;)r"], (8.2.2a) 

= exp [i7r«(x)T'^75] = i(l + 75) C/ + |(1 - Ts) ■ (8.2.2b) 

Here is the quark field, m is the effective quark mass arising from 
the spontaneous breakdown of chiral symmetry, and U is the SU(2) chiral 
pion field. A possible derivation of the effective action (8.2.1) is based on the 
instanton model of QCD vacuum [220]. 

The CQSM describes the nucleon as a state of valence quarks bound 
by a self-consistent hedgehog-like pion field whose energy, in fact, coincides 
with the aggregate energy of quarks from the negative-energy Dirac contin- 
uum. This model differs from the o"-model [201,202] in that no kinetic energy 
is associated to the chiral fields, which are effective degrees of freedom, to- 
tally equivalent to the qq excitations of the Dirac sea (the problem of double 
counting does not arise). 
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The CQSM field equations are solved as follows. For a given time-inde- 
pendent pion field U — exp(i7r"(cc)r"), one finds the spectrum of the Dirac 
Hamiltonian: 

//$„ = ^„$„, (8.2.3) 

which contains the upper and lower Dirac continua (distorted by the presence 
of the external pion field), and may also contain discrete bound-state levels, if 
the pion field is strong enough. If the pion field has winding number 1, there is 
exactly one bound-state level which travels all the way from the upper to the 
lower Dirac continuum as one increases the spatial size of the pion field from 
zero to infinity. This level must be filled to obtain a non-zero baryon-number 
state. Since the pion field is colour blind, in the discrete level one may place 
A^c quarks in a state that is antisymmetric in colour. 

Calling i?icv (with — M < E\c^ < M) the energy of the discrete level, 
the nucleon mass is obtained by adding NcEie^ to the energy of the pion field 
(which coincides exactly with the overall energy of the lower Dirac continuum) 
and subtracting the free continuum. The self-consistent pion field is thus found 
by minimising the functional 

M = min l E^U] + E {EnP] - ) i . (8.2.4) 

[ E„<0 J 

From symmetry considerations one looks for the minimum in a hedgehog con- 
figuration 

C/c(x) = exp [i7r"(a;)T"] = exp [i(n-T)P(r)] , r = Ixl , n = -, (8.2.5) 

r 

where P{r) is the profile of the soliton. The latter is then obtained using a 
variational procedure. 

At lowest order in l/N^., the CQSM essentially corresponds to a mean- 
field picture. Some observables, however, vanish at zeroth order in l/N^. (this 
is the case, as we shall see, of unpolarised isovector and polarised isoscalar 
distribution functions) and for these quantities a calculation at first order in 
1/Nc is clearly needed. 

Within the CQSM several calculations of distribution functions have been 
performed [230-234]. In particular, the transversity distributions were com- 
puted in [235-238]. The calculations mainly differ in the order of l/N^. expan- 
sion considered. We shall see that this expansion is related to the expansion 
in the collective angular velocity Q of the hedgehog solution, and hence to the 
collective quantisation of the hedgehog solitons. 

The first application of the CQSM to transversity is contained in [235], 
where only the tensor charges were computed. In that paper the CQSM was 
extended from two to three flavours with a chiral SU(3)i? SU(3)l symmetry 
(for a review see [239]). Corrections of order 1/Nc were taken into account in 
building the quantised soliton. The procedure adopted in [235] for construct- 
ing states with definite spin and flavour out of the hedgehog is the so-called 
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cranking procedure [203,240]. The parameters of the model are the constituent 
mass of the u and d quarks, the exphcit SU(3) symmetry breaking term for 
the mass of the s quark, and a cutoff needed to render the theory finite. These 
parameters arc fixed from hadronic spectroscopy. In particular the constituent 
mass of the quarks is m = 420 MeV and the symmetry breaking term corre- 
sponds to an extra mass of 180 MeV for the s quark. The values of the tensor 
charges obtained are (the model scale is taken to be Ql — 0.36 GeV^, see 
Table 6) 

6u = 1.12, 5d=-0A2, 5s = -0.01 . (8.2.6) 

These quantities arc not much affected by the value of the constituent mass 
and of the SU(3) symmetry breaking term. 

We stress the importance of the 1/A^c corrections. Without these correc- 
tions the tensor (and also the axial) charge of the u quark would be equal and 
opposite to that of the d quark. It is also important to notice that, while the 
axial singlet charge is substantially reduced owing to the presence of the chiral 
fields, the tensor charges are close to those obtained in other models where 
the chiral fields are absent, or play a minor role. 

A first attempt to compute the x dependence of the transversity distri- 
butions in the CQSM was made in [236]. In this calculation, however, no 1/A^c 
corrections were taken into account, and hence they obtained AyuH- Ayc? = 0, 
which is a spurious - and unrealistic - consequence of the zeroth-order approx- 
imation adopted. The two most sophisticated calculations in the CQSM are 
those of [237] and [238] . In [237] , both centre-of-mass motion corrections and 
1/iVc contributions were taken into account. The correct support for the dis- 
tributions is obtained by using a procedure that transforms the distributions 



145 



computed in the rest frame into the distributions in the infinite momentum 
frame. This procedure essentially amounts to using the relation 



/iMF(a;) 



l-x 



/RF(-ln(l-x)). 



^.2.7) 



An important limitation of this work is that only the valence contribution 
to the distribution functions is considered. The transversity distributions at 
the scale of the model as computed in [237] arc shown in Fig. 46. 

Wakamatsu and Kubota [238] went beyond the valence-quark approxi- 
mation of [237] and included vacuum-polarisation effects. Thus they were also 
able to compute the antiquark distributions, which had only been previously 
evaluated in [98] . A further improvement is the treatment of the temporal non- 
locality of the bilinear operators which appear in the distribution functions. 
The generic operator A''{0)OaA{^~) is expanded as (see [241]) 



A^{o)OaA{r)^Oa+iri{^,Oa}, 



(8.2.8) 



where Oa = A^{0)OaA{0) and Q = -iA^{t) A{t). Equation (8.2.8) implies that 
the non-locality of the operator A'' {0)OaA{^~) causes a rotational correction 
proportional to the collective angular velocity fl. 
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Fig. 47. Longitudinal and transverse polarisation distributions of quarks, at the 
scale of the model and after the perturbative evolution. Prom [238] . 



In contrast to the calculation of [237], in [238] no centre-of-mass mo- 
tion corrections are performed and therefore the distributions do not have 
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the correct support. The antiquark distributions are obtained using the rela- 
tions (8.1.7a-c), and the caveat concerning such a procedure thus apphes. In 
Figs. (47,48) the quark and antiquark hehcity and transversity distributions 
computed in [238] are shown. While the quark distributions are not too differ- 
ent from those computed in the CDM (see Fig. 45), the 5tu distribution has 
a different sign. This is a consequence of the different technique used in the 
calculation of antiquark distributions in [98] and [238] (explicit evaluation of 
A-jpg in [98] vs. use of (8.1.7a-c) in [238]). The tensor charges obtained in [238] 
are (again at Qq = 0.36 GeV^, see Table 6) 

(5k = 0.89, (5ci=-0.33. (8.2.9) 

Very recently the technique adopted in [238] was criticised in [242]. In 
this work, however, the isoscalar and isovector distributions are computed at 
a different order in 1/ A^c ^-nd cannot therefore be combined to give the single- 
flavour distributions. 




0.01 0.1 1 0.01 0.1 1 

Fig. 48. Longitudinal and transverse polarisation distributions of antiquarks, at the 
scale of the model and after the perturbative evolution. From [238] . 



8.2.2 Chiral quark model 

In the chiral quark model of Manohar and Georgi [229] the relevant de- 
grees of freedom at a scale below 1 GeV are constituent quarks and Goldstone 
bosons. This model was used in [243] to compute the quark and antiquark 
distribution functions. The CQM is particularly interesting for the study of 
the nucleon spin structure, as it predicts a depolarisation of constituent quarks 
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due to the emission of Goldstonc bosons into P-wave states. 

In the CQM model, the u. d and s quarks are assumed to develop large 
dynamical masses as a consequence of a mechanism of spontaneous chiral- 
symmetry breaking, which has outside the model itself. We denote these "bare" 
massive states by \uq), |do) etc. Once they are dressed by Goldstone bosons, 
the constituent u and d quark states are 

\u) = \fZ\uQ) + |d7r+) + ^ |M7r°) + ax \s K^) + "^\uri) , (8.2.10a) 
\d)^^fZ |do) + kTT-) + ^ |d7r°) + aK |s + ^^77), (8.2.10b) 

where Z is the renormalisation constant for a "bare" constituent quark (it 
turns out to be about 0.7) and la^p are the probabilities of finding the Gold- 
stone bosons in the dressed constituent quark states. These probabilities are 
related to each other by the underlying SU(3)r ® SU(3)i: symmetry of the 
model. There is a single free parameter which may be fixed by computing 
the axial coupling (7^. Thus the CQM is a perturbative effective theory in the 
Goldstone boson expansion. 

There are three types of contributions to the quark distribution functions. 
The first corresponds to the probability of finding a bare quark /o inside a 
dressed quark /, and is the bare quark distribution renormalised by the Z 
factor. The other two contributions correspond to diagrams (a) and (b) of 
Fig. 49. The spin-independent term corresponding to diagram (a) is given by 

g,(^)= P,aA(l/)g.f-V (8.2.11) 

•'^ y yy J 

Here the splitting function P{y)ja/i is the probability of finding a constituent 
quark j carrying a momentum fraction y and a (spectator) Goldstone boson a 
{a = TT, K, f]) inside a constituent quark i. Diagram (b) of Fig. 49 corresponds 
to probing the internal structure of the Goldstone bosons. This process gives 
the following contribution 

Qk{x) = Vkia (-] Pa,/r (-] M , (8.2.12) 

J yi y2 \yij \y2j 

where T4/a(x) is the distribution function of quarks of fiavour k inside the 
Goldstone boson a. In analogy with (8.2.11, 8.2.12), the longitudinal and 
transverse polarisation distributions contain the splitting functions AP[y) and 
ATPiy). respectively. 

In [243] the splitting functions are computed within the CQM, the bare 
quark distributions are obtained from a covariant quark-diquark model [18, 
244,245], and the quark distribution functions in the Goldstone bosons are 
taken from phenomenological parametrisations [193] for pions and from models 



148 




(a) (b) 

Fig. 49. Diagrams contributing to the constituent quark structure: (a) the Goldstone 
boson spectator process, (b) the process probing the structure of the Goldstone 
boson. The sohd Unes represent quarks and dashed hues represent Goldstone bosons. 
Prom [243]. 

[246-248] for kaons. The following relation is found 

P(y) + AP(y) = 2ATP(?/), (8.2.13) 

which implies saturation of the Soffer inequality. 

The dominant contribution to the dressing of the constituent quarks is 
due to pion emission. The pion cloud affects the u sector reducing both the 
helicity and transversity distributions in a similar manner, as can be seen in 
Fig. 50. The situation is quite different in the d sector. In fact, while the 
renormalisation and meson cloud corrections approximately cancel each other 
in the helicity distribution Ad, for the transversity distribution Atc? these 
corrections are both positive. Thus, with respect to the bare distributions. 
Ad is almost unmodified whereas Ard is drastically reduced. The difference 
between Ad{x) and ATd{x) is an important and peculiar feature of the model 
of [243]; the results for the d distributions are shown in Fig. 51. One can see 
that the meson cloud suppresses A^d much more than its helicity counterpart. 
In terms of tensor charges, 5d is reduced by about 40% by the pion depolar- 
isation effect while the corresponding axial charge is almost unchanged. The 
tensor and axial charges are collected in Table 6. Notice that depolarisation 
due to Goldstone boson emission is a significant effect, although not sufficient 
to reproduce the small value of AS observed experimentally. 

8.3 Light-cone models 

This section is devoted to models using the so-called front-form dynam- 
ics to describe the nucleon in the infinite momentum frame, and the Melosh 
rotation to transform rest-frame quark states into infinite momentum states. 

We start by recalling the general idea of front-form dynamics, originally 
due to Dirac [249], and then present the calculations of the transversity dis- 
tributions based on this approach. 
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(a) u(x) (b) Au(x) (c) 5u(x) 




Fig. 50. The n-quark distribution functions: (a) u{x), (b) Au{x) and (c) Atu{x), re- 
spectively. In each figure, the result with dressed constituent quarks is shown by the 
solid curve and that without dressing by the dashed curve. The latter corresponds 
to the spectator model calculation of [245] (see Sec. 8.4). Prom [243]. 



(a) Ad(x) (b) 5d(x) 




Fig. 51. The (i-quark distribution functions: (a) Ad{x) and (b) ATd{x), respectively. 
The notation is the same as in Fig. 50. From [243]. 

8.3.1 Forms of dynamics and Melosh rotation 

As shown by Dirac [249] (see also [250]), we have in general a certain 
freedom in describing the dynamics of a system. Various choices of variables 
defining the initial conditions and of operators generating the evolution of the 
system are possible. We shall refer to each of these choices as a "form" of 
dynamics. 

The state of a system is defined on a hypersurface E in Minkowski space 
that does not contain time-like directions. To characterise the state unambigu- 
ously, S must intersect every world-line once and only once. The most familiar 
example of such a surface is, of course, the time instant a;° = 0. 

Among the ten generators of the Poincare algebra, there are some that 
map E into itself, not affecting the time evolution, and others that drive the 
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evolution of the system and contain the entire dynamics. The latter generators 
are called Dirac "Hamiltonians" . 

Hereafter we shall only be interested in two forms of dynamics: the 
instant-form and the front- form (for a more general discussion we refer the 
reader to [250]). 

In the usual form of dynamics, the instant-form, the initial conditions are 
set at some instant of time and the hypersurfaces S are fiat three-dimensional 
surfaces only containing directions that lie outside the light-cone. The genera- 
tors of rotations and space translations leave the instant invariant and do not 
affect the dynamics. The remaining four generators (boosts and time transla- 
tions) are the "Hamiltonians" . 

In the front-form dynamics one considers instead three-dimensional sur- 
faces in space-time formed by a plane-wave front advancing at the velocity 
of light, e.g., the surface x+ = 0. The quantities P\ P^, P+, M^^, M-+, 
and are associated with transformations that leave this front in- 
variant. The remaining Poincarc generators, namely P~ , and are 
the "Hamiltonians" . The advantage of using front-form dynamics is that the 
number of Poincare generators affecting the dynamics of the system is reduced 
and there is one more Poincare generator that transforms the states without 
evolving them. 

Working within front-form dynamics, there is an important transforma- 
tion, namely the Melosh-Wigner (MW) rotation [251,252], which relates the 
spin wave functions qHp in the rest frame (RF) to the spin wave functions qju-p 
in the infinite momentum frame (IMF). The Melosh-Wigner rotation is 



where w = [{k~^ + m)^ + fc^]"-*^/^ and = + P. 

The reason that the MW rotation is relevant in DIS is that this process 
probes quark dynamics on the light-cone rather than the constituent quarks 
in the rest frame [253,254]. As for the spin structure, in front-form dynamics 
the spin of the proton is not simply the sum of the spins of the individual 
quarks, but is the sum of the MW-rotated spins of the light-cone quarks [255]. 

Calculations of distribution functions using MW have recently appeared 
in the literature, see e.g., [256,257]. 

8.3.2 Transversity distributions in light- cone models 

B.-Q. Ma has reconsidered the problem of the spin of the nucleon in the 
light of the effects of the MW rotation [258]. Applying the MW rotation, the 
quark contribution to the spin of the nucleon is reduced. In particular, from 

Note that in literature the rest-frame wave functions are also called "instant- 
form" wave functions, and the infinite-momentum-frame wave functions are also 
called "light-cone" wave functions. 



QiMF = [(k^ + m) ql,F + (k^ + i^^) Qrf] , 
QiMF = w \-{k^ - ik^) qlp + {k+ + m) 



(8.3.1a) 
(8.3.1b) 
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eqs. (8.3.1a, b) one can show that the observed {i.e., IMF) axial charge Aqimf 
is related to the constituent quark axial charge Ag^p as follows 



AgiMF = (Mg) Aq^F , (8.3.2) 

where 

^ {k+ + m)2 + fci ^ ^ 

and (Mq) is its expectation value in the three-quark state 

(M,) = J d'kMg |*(fc)|2, (8.3.4) 

where ^(fc) is the (normalised) momentum wavefunction of the three-quark 
state. By choosing two different reasonable wave functions (harmonic oscillator 
and power-law fall off) the calculation in [259] gives (Mg) = 0.75 (both for u 
and d if we assume m„ = rriii), which leads to a reduction of AE from 1 (the 
constituent quark model value) down to 0.75. 

The effect of the MW rotation on the tensor charges was discussed in [92]. 
One finds that the IMF tensor charge is related to the constituent quark tensor 
charge by 

SqiMF = {Mq) Sqrf , (8.3.5) 

where 

(A;+ + mr 

- {k-^ + mf + kl ' ^^-^-^^ 

and, again, (Mq) is the expectation value of Mg. From (8.3.3) and (8.3.6) one 
finds an important connection between the MW rotation for the longitudinal 
and the transverse polarisation, namely 

1 + Mq = 2Mq. (8.3.7) 

With the value (Mg) = 0.75, this implies (Mg) = 0.88 and, using the SU(6) 
values 5rf = | and Sd^p — one obtains [92] (we omit the "IMF" subscript) 

5u^ 1.17, 5d^ -0.29. (8.3.8) 

The transverse polarisation distributions were computed using the MW 
rotation in [260]. In this paper a simple relation connecting the spin distri- 
butions of quarks in the rest frame Aqj{F{x), the quark helicity distributions 
Aq{x) and the quark transversity distributions At?(x) was derived. It reads 

Aqj,F{x) + Aq{x) = 2ATq{x) . (8.3.9) 

Adopting a diquark spectator model [261] to compute the rest-frame distribu- 
tions, the authors of [260] obtain the curves shown in Fig. 52. 

From (8.3.9) and the measured values of the quantities F^'** = / dx gi'"', 
QA/gv and As, it is possible to obtain predictions for the tensor charges, as 
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Fig. 52. The quark spin distributions a;A(/RF(a;) (solid curves), xAt(?(x) (dashed 
curves), and xlS.q{x) (dotted curves) in the hght-cone SU(6) quark-spectator model, 
for (a) u quarks and (b) d quarks. Prom [260]. 

shown by Ma and Schmidt [262]. Taking Qa/ 9v = 6 (F^'— F") these authors find 
(the ranges are determined by the experimental and theoretical uncertainties) 



(5m = 0.84 - 1.09, 5(i= -(0.23-0.51). 



^.3.10) 



Using the value Qa/ gv — 1-2573 from neutron /3 decay (denoted case 2), they 
find instead 

5^ = 0.89-1.11, 5rf = -(0.29 - 0.53). (8.3.10') 
Another calculation of the transversity distributions based on the MW 
rotation is presented in [263] . These authors use a three-quark wave function 
obtained by solving the Schrodinger equation with a hypercentral phenomeno- 
logical potential (for details see [256]). The effect of the MW rotation is to 
introduce a significant difference between longitudinal and transverse polari- 
sation already at the model scale. 



8.4 Spectator models 



As we have seen, the main ingredients in model calculations of quark 
distributions are the nucleon-quark vertices and the masses of the intermediate 
states. In the spectator model the set of intermediate states is reduced to 
only the diquark states and the vertex is parametrised in some manner, for 
instance assuming an SU(6) spin-flavour structure. This model was used in 
[244] to estimate unpolarised and longitudinally polarised distributions and, 
in [245,264] to compute the transversity distributions. In [243,245] it was used 
as the starting point for the perturbative dressing of quarks by chiral fields. 
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As already mentioned, the model contains the diquark masses as free 
parameters. Typical values of these masses are in the range 600-800 MeV, 
with a splitting of the scalar and vector diquark masses of the order of 100- 
200 MeV. The parameters entering the vertices are their Dirac structure and 
form factors. The calculations in [264] and in [245] differ mainly in the choice 
of the parameters and in a more-or-lcss simple form for the vertex. 

The results of [245] for the distribution functions are those already pre- 
sented in Sec. 8.2.2 in Figs. 50 and 51 (they correspond to the undressed con- 
tributions, i.e., to the dashed curves). Similar results were obtained in [264], 
where, fixing the parameters so as to obtain the experimental value of the 
axial coupling, the tensor charges were found to be 

Su^ 1.22, Sd = -0.25. (8.4.1) 

In [244] the scale of this model was estimated to be Ql — 0.063 GeV^. 

8.5 Non-perturbative QCD calculations 

8.5.1 QCD sum rules 

In the QCD sum-rule approach (see for instance [265]) one considers cor- 
relation functions of the form 

Tl{q') = i/ d^e e'^« (0]r {M)m) |0) , (8.5.1) 

where j{x) = q[x)rq{x) is a quark current (all indices are omitted for sim- 
plicity). The vacuum polarisation (8.5.1) is computed in two different ways. 
On one hand, it is modelled by a dispersion relation, expressing its imagi- 
nary part in terms of resonances exchanged in the s-channel. On the other 
hand, in the limit of small light-cone separations, i.e., large = —q^, one 
can make an operator-product expansion (OPE) of T(j(^)j(0)), thus relating 
n(g^) to quark condensates {qq). The two theoretical expressions of n(g^) are 
then equated, after performing a Borel transformation, which allows one to 
pick up only the lowest-lying resonances in a particular channel. The result is 
an expression for the matrix elements of certain quark currents in a hadron 
state, in terms of quark and resonance parameters, condensates and the Borel 
mass Mb. The generalisation of this procedure to three-point correlators is 
straight-forward. 

A QCD sum rule calculation of the tensor charges was reported by He 
and Ji in [266]. Following the method presented in [267], they consider the 
three-point correlation function 

W%q') =i'J d^e d^C e^^-« (0|T inOvmm |0) , (8.5.2) 
where j'^'^ is the quark tensor current 
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and 77(^) is the nucleon interpolating field, i.e., 



viO = ^atc KiOC^MOH^d^iO ■ (8.5.4) 

(Here a, b and c are colour indices, the superscript T indicates transpose and 
C is the charge conjugation matrix.) The interpolating current r] is related to 
the nucleon spinor U (P) by 

(0|77(0)|P) = A[/(P), (8.5.5) 

where A is a coupling strength. 

Computing (8.5.2), using OPE on one hand and resonance saturation on 
the other, for the tensor charges He and Ji obtained (at a scale /x^ = M^) 

5x^=1.0 ±0.5, 5d = 0.0±0.5. (8.5.6) 

The uncertainty corresponds to a variation of the Borel mass from to 
2M2. 

In a subsequent paper [268] He and Ji presented a more refined QCD sum 
rule calculation of 6q taking into account operators of higher orders. Instead 
of the three-point function approach adopted in [266], they used the external- 
field approach. Their starting point is the two-point correlation function in 
the presence of an external constant tensor field Z^j^ 

n'^^( V, q')^ij d'C ^''-^ (0|T iviOmmz . (8.5.7) 
The coupling between quarks and Z^,^ is described by the additional term 

AC^g,qa^^qZ^,, (8.5.8) 

in the QCD Lagrangian. 

Referring to the original paper for the details of the calculation, we give 
here the results for 6u and 5d at the scale ji"^ = 

= 1.33 ± 0.53 , 5d = 0.04 ± 0.02 , (8.5.9) 

where the error is an estimated theoretical one. 

A similar study of tensor charges in the QCD sum rule framework was 
carried out by Jin and Tang [269], who discussed in detail various sources of 
uncertainty, and in particular the dependence of the results on the vacuum 
tensor susceptibility induced by the external field. 

Finally, we recall that QCD sum rules have been also used to compute the 
transversity distributions ATq{x). This was done in [69] by considering a four- 
point correlator. The ranges of validity of the various approximations adopted 
and the sensitivity of the results on the Borel mass considerably restrict the 
interval of x over which a reliable calculation can be performed. The result 
of [69] is Atu ~ 0.5 for 0.3 < x < 0.5, with no apparent variation in this 
range (the Q"^ scale is estimated to be ?s 5 — lOGeV^). 
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8.5.2 Lattice 

Lattice evaluations of the tensor charges have been presented by various 
groups [270-274]. The lattice approach is based on a hypercubic discretisation 
of the Euclidean path integral for QCD and a Monte Carlo computation of 
the resulting partition function. The lattice size must be large enough so that 
finite size effects are small. An important parameter is the lattice spacing 
a. The contimmm limit corresponds to a ^ 0. Usually, different values of 
quark masses are used and a linear extrapolation is made to the chiral limit 
of massless quarks. 

Aoki et al. [270] performed a simulation on a 16^ x 20 lattice with spacing 
a ~ 0.14 fm, in the quenched approximation (which corresponds to setting the 
fermion determinant in the partition function equal to one). They obtained 

5m = 0.839(60) , 5d= -0.231(55), (8.5.10) 

at a scale /i = a^^ ^ 1.4 GeV. For comparison, the axial charges computed 
with the same lattice configuration are [275] 

Aii = 0.638(54) , M = -0.347(46) . (8.5.11) 

Similar results were reported in [272]. The continuum limit was investigated 
by Capitani et al. [273], who found for the difference 5u — 5d the value 

Su - Sd ^ 1.21(4:) . (8.5.12) 

Finally, a lattice calculation of the tensor charges in full QCD (that is, with no 
quenching assumption) has been recently carried out by Dolgov et al. [274]. 
Using 16^ X 32 lattices, these authors obtain 

5^ = 0.963(59), 5d= -0.202(36). (8.5.13) 
8. 6 Tensor charges: summary of results 

In Table 6 we compare the results for tensor charges computed in the 
models discussed above. We also show the value of the axial charges. ^° 

To allow a homogeneous comparison, we evolved the tensor charges from 
the model scales Ql to = 10 GeV^ in LO QCD. Given the very low input 
scales, the result of this evolution should be taken with caution (it serves to 
give a qualitative idea of the trend). 

Unfortunately, Qo has not been evaluated in the same manner in all mod- 
els. As discussed earher, a possible way to estimate the model scale is to fix 
it in such a manner that, starting from the computed value of the momen- 
tum fraction carried by the valence, and evolving it to larger Q^, one fits the 

The only model where the polarised strange quark distribution has been computed 
is the CQSMl of [235]. They find As = -0.05 and Ss = -0.01. 
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Table 6 

Axial and tensor charges in various models. Tensor charges evolved in LO QCD 
from the intrinsic scale of the model (Qo) to = lOGeV^ are also shown. See the 

text for dclriils. 



Model [Ref.] 


An 


Ad 


AS 


Su 


Sd 


\Su/Sd\ 


Qo[GeV] 




Sd{Q^) 


NRQM ★ 


1.33 


-0.33 


1 


1.33 


-0.33 


4.03 


0.28 


0.97 


-0.24 


MIT [14] o 


0.87 


-0.22 


0.65 


1.09 


-0.27 


4.04 


0.87 


0.99 


-0.25 


CDM [98] © 

L J ^ 


1.08 


-0.29 


0.79 


1.22 


-0.31 


3.94 


0.40 


0.99 


-0.25 


CQSMl [235] X 


0.90 


-0.48 


0.37 


1.12 


-0.42 


2.67 


0.60 


0.97 


-0.37 


CQSM2 [238] + 


0.88 


-0.53 


0.35 


0.89 


-0.33 


2.70 


0.60 


0.77 


-0.29 


CQM [243] ® 


0.65 


-0.22 


0.43 


0.80 


-0.15 


5.33 


0.80 


0.72 


-0.13 


LC [92] o 


1.00 


-0.25 


0.75 


1.17 


-0.29 


4.03 


0.28 


0.85 


-0.21 


Spect. [264] * 


1.10 


-0.18 


0.92 


1.22 


-0.25 


4.88 


0.25 


0.83 


-0.17 


Latt. [270,275] i> 


0.64 


-0.35 


0.29 


0.84 


-0.23 


3.65 


1.40 


0.80 


-0.22 



experimentally observed value. This procedure, with slight differences, has 
been adopted to find the intrinsic scale in the non-relativistic quark model 
(NRQM) [212], in the MIT bag model [186,211], in the CDM [98,215,219] 
and in the spectator model [244]. For the light-cone (LC) model of [92] we 
have taken the same scale as in the NRQM, since the starting point of that 
calculation is the rest-frame spin distributions of quarks. In other calculations, 
in particular in chiral models, the authors have chosen Qq as the scale up to 
which the model is expected to incorporate the relevant degrees of freedom. 
The variety of procedures adopted to determine Qo adds a further element of 
uncertainty in the results for Sq{Q'^) presented in Table 6. The evolved tensor 
charges are collected in Fig. 53. As one can see, they span the ranges 

5m = 0.7-1, W= -(0.1 -0.4) atg2 = 10GeV^ (8.6.1) 

It is important to notice that, since the evolution of the tensor charges is 
multiplicative, the ratio 6u/6d does not depend on Q^. As one can see from 
Table 6, most of the calculations give for \6u/6d\ a value of the order of 4, 
or larger. Chiral soliton models CQSMl and CQSM2, in contrast, point to a 
considerably smaller value, of the order of 2.7. An experimental measurement 
of the tensor charges may then represent an important test of these models. 
Note also that the introduction of chiral fields in a perturbative manner, as 
in the CQM, actually has the efi^ect of increasing \6u/6d\ owing to a strong 
reduction in 5d. A possible way to extract the u/d transversity ratio is to 
make a precision measurement of the ratio of azimuthal asymmetries in tt'^/tt" 
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leptoproduction. This could be done in the not so distant future (see Sec. 10). 
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Fig. 53. The tensor charges as computed in various models and evolved to 
= lOGeV^. For the symbols see Table 6. The MIT and CDM points are shghtly 
displaced for clarity. 
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9 Phenomenology of transversity 

We now review some calculations of physical observables (typically, 
double-spin and single-spin asymmetries) related to transversity. Due to 
the current lack of knowledge on At? and the related fragmentation func- 
tions, the available predictions are quite model-dependent and must be taken 
with a grain of salt. They essentially provide an indication of the order of 
magnitude of some phenomenological quantities. 

We also discuss two recent results on azimuthal asymmetries in pion lep- 
toproduction that may find an explanation in the coupling of transversity to 
a T-odd fragmentation function arising from final-state interactions. 

9. 1 Transverse polarisation in hadron-hadron collisions 

9.1.1 Transverse double-spin asymmetries in Drell-Yan processes 

The Drell-Yan transverse double-spin asymmetries were calculated at LO 
in [98,100] and at NLO in [104,105] (see also [276]). Earlier estimates [21,277] 
suffered a serious problem (they assumed the same QCD evolution for Aq and 
Atq), which led to over-optimistic values for A^^. 




0.1 0.2 0.3 0.4 0.5 20 40 60 80 100 

Xa-Xb M^[GeV^] 



Fig. 54. Drell-Yan longitudinal and transverse double-spin asymmetries normalised 
to the partonic asymmetry, as a function oi Xa — Xi, {i.e., Xi — X2) for two values 
of the dilepton invariant mass (left), and as a function of the invariant mass of the 
dilepton pair for two values of the cm. energy (right). Prom [100]. 

In [100] the equality ATq{x, Ql) = Aq{x, Ql) was assumed to hold at a 
very low scale (the input Ql = 0.23 GeV^ of the GRV distributions [114]), 
as suggested by various non-perturbative and confinement model calculations 
(see Sec. 8). The transversity distributions were then evolved according to their 
own Altarclli-Parisi equation at LO. The resulting asymmetry (divided by the 
partonic asymmetry) is shown in Fig. 54. Its value is just a few percent, which 
renders the planned Relativistic Heavy Ion Collider (RHIC) measurement of 

In this section, the transversity distributions will be denoted by A^g. 
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rather difficTilt. The asymmetry for the Z"- mediated Drell-Yan process is 
plotted in Fig. 55 and has the same order of magnitude as the electromagnetic 
one. 

0.05 
0.04 

0.03 
0.02 



0.01 

0.1 0.2 0.3 0.4 0.5 

Fig. 55. Longitudinal and transverse double-spin asymmetries (normalised to the 
partonic asymmetry) for the Z°-mediated Drell-Yan process. Prom [100]. 

The authors of [105] use a different procedure to estimate the transversity 
distributions. They set {AtqI = 2{q + Aq) at the GRV scale, thus imposing 
the saturation of Soffer's inequahty. This yields the maximal value for A^^. 
The transversity distributions are evolved at NLO. The NLO corrections are 
found to be relatively small, although non-negligible. The predicted curves for 

are shown in Fig. 56. 

Summarising the results of the calculations of A^^, we can say that at 
the typical energies of the RHIC experiments [278,279] {Vs > 100 GeV) one 
expects for the double-spin asymmetry, integrated over the invariant mass 
of the dileptons, a value 

^ (1 _ 2)%, at most. (9.1.1) 

It is interesting to note that as \/s falls the asymmetry tends to increase, 
as was first pointed out in [100]. Thus, at V s — 40 GeV, which would cor- 
respond to the cm. energy of the proposed (but later cancelled) HERA-TV 
experiment [280], A^^ could reach a value of ~ (3 — 4)%. 

Model calculations of A^^ are reported in [98,263]. The longitudinal- 
transverse Drell-Yan asymmetry A^^ (see Sec. 7.3.1) was estimated in [281, 
282] and found to be five to ten times smaller than the double-transverse 
asymmetry. Polarised proton-deuteron Drell-Yan processes were investigated 
in [283-286]. 

9.1.2 Transverse single-spin asymmetries 

In the early seventies data on single-spin asymmetries in inclusive pion 
hadroproduction [287-289] provoked a theoretical certain interest, as it was 
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Fig. 56. The Drell— Yan transverse double-spin asymmetry as a function of the vir- 
tual photon rapidity y and of the dilepton invariant mass M, for two values of the 
cm. energy: (a) ^/s = 40 GeV (corresponding to HERA-iV) and (b) ^/s = 200 GeV 
(corresponding to RHIC). The error bars represent the estimated statistical uncer- 
tainties of the two experiments. Prom [105]. 

widely held that large effects could not be reproduced within the framework 
of perturbative QCD [6] . In 1991 the E704 experiment at Fermilab extended 
the results on large single-spin asymmetries in inclusive pion hadroproduction 
with a transversely polarised proton [290,291] to higher Pt- These surprising 
results have prompted intensive theoretical work on the subject. 

As a matter of fact, one year before the recent Fermilab measurements, 
Sivers had suggested that single-spin asymmetries could originate, at leading 
twist, from the intrinsic motion of quarks in the coUiding protons [40,41]. This 
idea was pursued by the authors of [39, 181], who pointed out that the Sivers 
effect is not forbidden by time- reversal invariance [17] provided one takes into 
account soft interactions in the iniiial state. In so doing, T-odd distribution 
functions are introduced (see Sees. 4.8 and 7.4.1). 

A different mechanism was proposed by Collins [17]. It rehes on the hy- 
pothesis of final-state interactions, which would allow polarised quarks with 
non-zero transverse momentum to fragment into an unpolarised hadron (the 
Collins effect already discussed in Sees. 6.5 and 7.4.1). 

Finally, as seen in Sec. 7.4.1, another way to produce single-spin asymme- 
tries is to assume the existence of a T-odd transverse polarisation distribution 
of quarks in the unpolarised initial-state hadron. 

All the above effects manifest themselves at leading twist. We shall con- 
centrate on the Collins mechanism, which appears, among the three hypo- 
thetical sources of single-spin asymmetries just mentioned, the likeliest one 
(as repeatedly stressed, initial-state interactions are definitely harder to un- 
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ravel than final-state interactions). 
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Fig. 57. Fit to tiie data on Al^ for the process p^p ttX [290, 291] assuming that 
only the CoUins effect is active; the upper, middle, and lower sets of data and curves 
refer to 7r+, 7r° and tt", respectively. Prom [26]. 

The Collins effect was investigated phenomenologically in [26], under 
the hypothesis that it is the only mechanism contributing to single-spin 
asymmetries. The authors of [26] propose a simple parametrisation for the 
CoUins fragmentation function A^D^/g{z, (see Sec. 6.5 and note that 

in [26] a function A^D^/qt is defined, which is related to our Aj,DT^/q by 
A^L',/,T = 2A0L',/,): 

A'^D^/,{z, (k^)) = N z-{l - zf , (9.1.2) 

where M = 1 GeV and it is assumed that A^D^/^ is peaked around the 
average value {k±) = {n^y^"^. The z dependence of {n±{z)) is obtained from a 
fit to LEP measurements of the transverse momentum of charged pions inside 
jets [292] (remember that k± ~ —Ph±/z neglecting the intrinsic motion of 
quarks inside the target). Isospin and charge-conjugation invariance allows one 
to reconstruct the entire flavour structure of quark fragmentation into pions, 
giving the relations 

2A%D^oju = 2A^j.D^oid = 2A5^£)^o/^ = 2A'^D^ofy^ = A^D^^/q . (9.1.3) 

Only valence quarks in the incoming protons are considered in [26]. Their 
transverse polarisation distributions are taken to be proportional to the un- 
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polarised distributions, according to 



Atu{x) = Pt'" u{x) , Ardix) = P^^^ d{x) , (9.1.4) 

where the transverse polarisation P^^^ of the u quark is set equal to 2/3, as 
in the SU(6) model, whereas the transverse polarisation of the d quark is left 
as a free parameter. The result of the fit to the single-spin asymmetry data 
is shown in Fig. 57. Good agreement is obtained if Aj,Dj^/q the positivity 
constraint |A°£)7r/g| < i?7r/q saturates at large z, otherwise the value of the 
single-spin asymmetry A!^ is too small at large x^;-. It also turns out that the 
resulting transversity distribution of the d quark violates the Soffer bound 
2 \ATd\ < d + Ad. Boglione and Leader pointed out [293] that, since Ad is 
negative in most parametrisations, the Soffer constraint for the d distributions 
is a rather strict one. A fit to the Al^ data that satisfies the Soffer inequality 
was performed in [293], with good results provided one allows Ad, to become 
positive at large x. In this case too, the positivity constraint on A^D^^jq has 
to be saturated at large z. The inferred transversity distributions are shown 
in Fig. 58. 
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Fig. 58. The transversity distributions obtained in [293] from a fit to the E704 data. 
The curves correspond to different parametrisations of the helicity distributions 
(see [293] for details). The figure is taken from [48]. 

Another calculation of the single-spin asymmetry in pion hadroproduc- 
tion, based on the Collins effect, is presented in [294]. These authors generate 
the T-odd fragmentation function by the Lund string mechanism and obtain 
fair agreement with the E704 data by assuming the following behaviour for 
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the transversity distributions: 



Atu{x) ^ ATd{x) 
u{x) d{x) 



as X ^ 1 . 



(9.1.5) 



A comment on the apphcabihty of perturbative QCD to the analysis of 
the E704 measurements is in order. First of aU, we have already pointed out 
that factorisation with intrinsic transverse momenta of quarks is not a proven 
property but only a (plausible) hypothesis. Second, and more important, the 
E704 data span a range of I-Pttx] that reaches 4GeV for vr*^ in the central 
region, where the asymmetry is small, and up to only 1.5 GeV for tt^, tt" in the 
forward region, where the asymmetry is large. At such low values of transverse 
momenta perturbative QCD is not expected to be completely reliable, since 
cross-sections tend to rise very steeply as I-Ptt^I 0. What allows some 
confidence that a perturbative QCD treatment is nevertheless meaningful is 
the fact that both intrinsic k,± effects and higher twists (see below) regularise 
the cross-sections at Pt^± — 0. 

A phenomenological analysis of the E704 results, based on the Si vers effect 
as the only source of single-spin asymmetries, was carried out in [39,181]. For 
other (model) calculations of see [295,296]. 

As shown in Sec. 7.4.2, single-spin asymmetries may also arise as a result 
of twist-three effects [175, 177, 182, 183]. Qiu and Sterman have used the first, 
chirally even, term of eq. (7.4.20) to fit the E704 data on Af., setting 



where is a constant parameter. Their fit is shown in Fig. 59. 

Another twist-three contribution, the second term in eq. (7.4.20), involves 
the transversity distributions. This term has been evaluated by Kanazawa 
and Koike [182,183] with an assumption similar to (9.1.6) for the multiparton 
distribution Ep, i.e., 



They found that, owing to the smallncss of the hard partonic cross-sections, 
this chirally-odd contribution to single-spin asymmetries turns out to be neg- 
ligible. 

Clearly, in order to discriminate between leading-twist intrinsic Kj_ effects 
and higher-twist mechanisms a precise measurement of the P^^ dependence 
of the asymmetry is needed, in particular at large Pn±- Given the current ex- 
perimental information on it is just impossible to draw definite conclusions 
as to the dynamical source of single-spin transverse asymmetries. 

9.2 Transverse polarisation in lepton-nucleon collisions 

Let us turn now to semi-inclusive DIS on a transversely polarised pro- 
ton. As discussed at length in Sec. 6, there are three candidate reactions for 
determining AtQ at leading twist: 




(9.1.6) 



Ef{x,x) = K' Arqix) . 



(9.1.7) 
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Fig. 59. The fit to the single-spin asymmetry data (here Aj, is called A^) performed 
in [177]. 

(1) semi- inclusive leptoproduction of a transversely polarised hadron with a 
transversely polarised target; 

(2) semi-inclusive leptoproduction of an unpolarised hadron with a trans- 
versely polarised target; 

(3) semi-inclusive leptoproduction of two hadrons with a transversely po- 
larised target. 

We shall review some calculations concerning the first two reactions. Two- 
hadron production is more difficult to predict, as it involves interference frag- 
mentation functions for which we have at present no independent information 
from other processes (a model calculation is presented in [145]). 

9.2.1 A'^ hyperon polarimetry 

We have seen in Sec. 6.5 that detecting a transversely polarised hadron 
in the final state of a semi- inclusive DIS process with a transversely polarised 
target, Ip^ I'h^ X, probes the product Axqix) ATDq{z) at leading twist. 
The relevant observable is the polarisation of h\ which at lowest order reads 
(we take the y axis as the polarisation axis) 



Eq,q elq{x,Q^)Dh/q{z,Q^) 



(9.2.1) 



where aT{y) = 2(1 — y)/[l -|- (1 — t/)^] is the elementary transverse asymmetry 
(the QED depolarisation factor). In this class of reactions, the most promising 
is A" production. The A° polarisation is, in fact, easily measured by studying 
the angular distribution of the A° — > pn decay. The transverse polarisation of 
A's produced in hard processes was studied a long time ago in [297, 298] and 
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more recently in [126]. Prom the phenomenological viewpoint, the main prob- 
lem is that, in order to compute the quantity (9.2.1), one needs to know the 
fragmentation functions ATDh/q{z,Q'^) besides the transversity distributions. 

A prediction for Vy^ has been recently presented by Anselmino, Bogli- 
one and Murgia [299]. These authors assume, at some starting scale Ql, the 
relations 

Da/u = Da/cL = Da/s = Da/u = -D^/d = Da/s = -Da/q , (9.2.2a) 

AtDa/u = ArDA/d = AtDa/u = ^tD^/^ ^NAtDa/s = N ADa/s , 

(9.2.2b) 

where is a free parameter. For Da/q and ADa/s they use the parametrisation 
of [300] at Ql — 0.23 GeV^. As for the transversity distributions, saturation 
of the Soffer bound is assumed and sea densities are neglected. Leading-order 
QCD evolution is applied. In Fig. 60 we show the results of [299] for Vy^ ^ 
with three different choices of A^ and a: the first scenario corresponds to the 
SU(6) non-relativistic quark model (the entire spin of the A'^ is carried by the 
strange quark, i.e.. A" = 0); the second scenario corresponds to a negative A^; 
and the third scenario corresponds to all light quarks contributing equally to 
the A° spin [i.e., N — 1). Other predictions for the A^ polarisation are offered 
by Ma et al. [318]. 
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Fig. 60. The polarisation of A'' hyperons produced in semi-inclusive DIS, as pre- 
dicted in 



9.2.2 Azimuthal asymmetries in pion leptoproduction 

A potentially relevant reaction for the study of transversity is leptopro- 
duction of unpolarised hadrons (typically pions) with a transversely polarised 
target, Ip^ V hX. In this case, as seen in Sec. 6.5, Axq may be probed as 
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a consequence of the Collins effect (a T-odd contribution to quark fragmenta- 
tion arising from final-state interactions). In this case one essentially measures 

Preliminary results on single-spin transverse asymmetries in pion lepto- 
production have been recently reported by the SMC [24] and the HERMES 
collaboration [23]. Before presenting them, we return to a kinematical problem 
already addressed in Sec. 3.1: the definition of the target polarisation. 
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Fig. 61. The target spin and the lepton and photon momenta. Note that q is directed 
along the negative z axis. 

From the experimental point of view, the DIS target is "longitudinally" 
("transversely") polarised when its spin S is parallel (perpendicular) to the 
initial lepton momentum i. If we parametrise S as (see Fig. 61) 



S = I S"! (sin -ds cos 05, — sin -ds sin 05, — cos "ds) , 

and i as 

i = E (sin 0, — cos i^^) , 
the angle a between S and £ is given by 

cos a = sin sin {}s cos 05 + cos ^-y cos ■ 

Thus, we have 

a = =^ "longitudinal" polarisation , 

a = I =^ "transverse" polarisation . 

We use quotation marks when adopting the experimental terminology. 



(9.2.3) 
(9.2.4) 

(9.2.5) 
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From the theoretical point of view, it is more convenient to focus on 
the target and ignore the leptons. Thus the target is said to be longitudinal 
(transverse) polarised when its spin is parallel (perpendicular) to the photon 
momentum, i.e., 



■j?5 = =^ longitudinal polarisation , 
■i?5 = I =^ transverse polarisation . 

The absence of quotation marks signals the theoretical terminology. 
DIS kinematics gives 

9 Mr ; 

sin = ^ + 0{M^/Q^) , (9.2.6a) 

cos^^ = 1 - -—f- (1 - y) + OiM^Q^) , (9.2.6b) 
and inverting (9.2.5) we obtain 

2Mx I 

cosds — cos a — — J\ — y sma cos 05 , (9.2.7a) 

2Mx 



sin i?5 ~ sin q; H — — \Jl — y cos a cos (f)s , (9.2.7b) 

where we have neglected Oi^M"^ /Q"^) terms. 

If the target is "longitudinally" polarised {i.e., a — Q), one has 

cosi?5^1, (9.2.8a) 
2Mx 



sini?5~-^yi -1/ COS05, (9.2.8b) 

so that (setting (ps — since the lepton momenta lie in the xz plane) 

,„ , 2Mx 



Q 



^/l^\S\. (9.2.9) 



Therefore, when the target is "longitudinally" polarised, its spin has a non- 
zero transverse component, suppressed by a factor 1/Q. This means that there 
is a transverse single-spin asymmetry given by (see (6.5.10)) 

2 Mr I 

x|5|-^yi^sin0,. (9.2.10) 

We stress that the 1/Q factor in (9.2.10), which mimics a twist-three con- 
tribution, has a purely kinematical origin. This is the situation explored by 
HERMES [23]. 
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If the target is "transversely" polarised (i.e., o; = 7r/2), one has 



cos'i?5~ -r— y 1 — y COS05 , (9.2.11a) 

sini?5~l, (9.2.11b) 

and 

(9.2.12) 

In this case, neglecting l/Q'^ kinematical effects, the target is also transversely 
polarised; the measured transverse single-spin asymmetry is unsuppressed and 
is given by eq. (6.5.10). This is the situation of the SMC experiment [24]. 
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Fig. 62. The SMC data [24] on the transverse single-spin asymmetry in pion lepto- 
production, as a function of the Collins angle. 



Let us now come to the data. The SMC [24] presented a preliminary 
measurement of Al^ for pion production in DIS of unpolarised muons off a 
transversely polarised proton target at s = 188.5 GeV^ and 

{x) ~ 0.08 , (y) ~ 0.33 , (z) ~ 0.45 , {Q^) ~ 5 GeV^ . (9.2.13) 

Two data sets, with {P-k±) — 0.5 GeV and {Ptv±) — 0.8 GeV, are selected. 
The result for the total amount of events is (note that SMC use a different 
choice of axes and, moreover, their Collins angle has the opposite sign with 
respect to ours) 

Af/uT = (0.11 ± 0.06) sin(0^ + (f)s) , (9.2.14a) 
Af/uT = -(0.02 ± 0.06) sin(0^ + (j)s) . (9.2.14b) 

The SMC data arc shown in Fig. 62. 

Evaluating the depolarisation factor gt at (y) ~ 0.33, eqs. (9.2.14a, b) 
imply 
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A^^^ (0.10 ± 0.06) sm(0^ + 05), (9.2.15a) 
Af = -(0.02 ± 0.06) sin(0^ + ^5) . (9.2.15b) 

The HERMES experiment at HERA [23] has reported results on for 
positive and negative pions produced in DIS of unpolarised positrons off a 
"longitudinally" polarised proton target at s = 52.6 GeV^ and in the kinemat- 
ical ranges: 

0.023 <x< 0.4, 0.1 <y< 0.85, 0.2<z<0.7, > 1 GeV^ 

(9.2.16) 

The transverse momentum of the produced pions is | -Pttx | ^ 1 GeV. The 
HERMES result is (see Fig. 63) 

Af = + [0.022 ± 0.004 (stat.) ± 0.004 (syst.)] sin 0^ , (9.2.17a) 
Af = - [0.001 ± 0.005 (stat.) ± 0.004 (syst.)] sin 0^ . (9.2. 17b) 

The conventions for the axes and the Colhns angle used by HERMES are 
the same as ours. There appears to be a sign difference between the SMC 
and HERMES results. Unfortunately, the proliferation of conventions does 
not help to settle sign problems. According to the discussion above, the HER- 
MES data, which are obtained with a "longitudinally" polarised target, gives a 
transverse single-spin asymmetry suppressed by l/Q. Thus, higher-twist lon- 
gitudinal effects might be as relevant as the leading- twist Collins effect. The 
result (9.2.17a), (9.2.17b) should be taken with this caveat in mind. Another, 
even deeper, reason to be very cautious in interpreting the SMC and HER- 
MES results is the low values of (|P,r±|) covered by the two experiments. This 
renders any perturbative QCD analysis rather problematic. 

Anselmino and Murgia [301] have recently analysed the SMC and HER- 
MES data and extracted bounds on the Collins fragmentation function 
Aj^D^^/q (for another analysis see [319]). They simphfy the expression of the 
single-spin transverse asymmetry (6.5.10) by assuming that the transversity 
of the sea is negligible, i.e., AtQ — 0, using eqs. (9.1.3) for the fragmentation 
functions into pions and similar relations for -Djr/g, and ignoring the non- 
valence quark contributions in pions. Thus, the single-spin transverse asym- 
metries become 

A-- ^ ^^^(^) AOD./,(z,P.^) 2 18b) 

^ d{x)+Au{x) D„/g{z,P^i^) ' K ■ ■ ) 

^ Au{x) + d{x) + m{x) + d{x) D^/q{z, P„±) 

Saturating the Soffer inequality, the authors of [301] derive a lower bound for 
the quark analysing power AS^Z^Tr/g/Z^^/g from the data on Aj,. Prom the SMC 
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result they find 



\KDn/,\ 



> 0.24 ±0.15, (2) -0.45, (P^x) ~ 0.65 GeV , (9.2.19a) 



and from the HERMES data 
I A° D I 

> 0.20 ±0.04 (stat.)± 0.04 (syst.), ^ > 0.2 . (9.2.19b) 

These results, if confirmed, would indicate a large value of the CoUins frag- 
mentation function and would therefore also point to a relevant contribution 
of the Collins effect in other processes. More data at higher Pn± would clearly 
make a perturbative QCD study definitely safer. For another determination 
of the Collins analysing power see below. Sec. 9.3. 
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Fig. 63. The HERMES data [23] on the transverse single-spin asymmetry in pion 
leptoproduction, as a function of x (left) and IJ^ttxI (right). 



As already recalled, the interpretation of the HERMES result is made 
difficult by the fact that the target is "longitudinally" polarised (that is 
\'S±\ ~ 1"^! \S\\\ ~ l-S"!). Thus, focusing on the dominant 1/Q ef- 
fects, there are in principle two types of contributions to the cross-section: 
1) leading-twist contributions for a transversely polarised target; 2) twist- 
three contributions for a longitudinally polarised target. Type 1 is 0{1/Q) 
owing to the kinematical relation (9.2.9); type 2 is 0{1/Q) owing to dynami- 
cal twist-three effects. The sin07r asymmetry measured by HERMES receives 
the following contributions [15,48,121,133,302-305] (we omit the factors in 
front of each term) : 
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~ ^ |5| A^g + ^ |5| h, + ^ |5| hti'^ ^H, 



(9.2.20) 



where hf^^^ and Hi^^^ are defined in (4.9.5a) and (6.5.22) respectively. The 
first term in (9.2.20) is the type 1 term described above and corresponds to 
the Collins effect studied in [301]. The other two terms (type 2) were phe- 
nomenologically investigated in [48,302-305]. In order to analyse the data by 
means of (9.2.20), extra input is needed, given the number of unknown quan- 
tities involved. As we have seen in Sec. 6.5, when the target is longitudinally 
polarised there is also a sin20/j asymmetry, which appears at leading twist 
and has the form 

^sin2^. (9.2.21) 

The smallness of ^sin2<^^) ^ measured by HERMES (see Fig. 63), seems to be 
an indication in favour of hfj^^^ ~ 0. If we make this assumption [303], recalling 

(4.10.1) and (4.10.2), we obtain hL{x) = hL{x) = Arqix) and (9.2.20) reduces 
to a single term of the type A^g ® Hi^^\ Using a simple parametrisation [17] 
for the Collins fragmentation function, namely 

H^{x,nl) _ MuMc 

D{x,nl) ~ Ml + nY ' 

with Mc as a free parameter, the authors of [303] fit the HERMES data fairly 
well (see Fig. 64). 

In [48] it was pointed out that the HERMES data on the sin 207r asym- 
metry do not necessarily imply h'\^l^^ = 0. If one assumes the interaction- 
dependent distribution hiix) to be vanishing, so that from (4.9.5a) and 

(4.10.2) one has (neglecting quark mass terms) 



mi 



^) = -I ^hL{x) = -x' C% Arqiy) , (9.2.23) 



then it is still possible to obtain a sin 0^ asymmetry of the order of few percent 
(as found by HERMES), with the sin 20^ asymmetry suppressed by a factor 2. 

The approximation (9.2.23) was also adopted in [306], where an analysis 
of the HERMES and SMC data in the framework of the chiral quark-soliton 
model is presented. 

In conclusion, we can say that the interpretation of the HERMES and 
SMC measurements is far from clear. The experimental results seem to indicate 
that transversity plays some role but the present scarcity of data, their errors, 
our ignorance of most of the quantities involved in the process, and, last but 
not least, uncertainty in the theoretical procedures make the entire matter still 
rather vague. More, and more precise, data will be of great help in settling 
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Fig. 64. The single-spin azimuthal asymmetry in pion leptoproduction as com- 
puted in [303], compared to the HERMES data [23]. The sohd hne corresponds 
to AtQ' = Aq. The dashed hne corresponds to saturation of the Soffer inequahty. 



the question. 



9.3 Transverse polarisation in e^e collisions. 



An independent source of information on the Collins fragmentation func- 
tion is inclusive two-hadron production in electron-positron collisions (see 
Fig. 65): 

e+e- ^ hih2X . (9.3.1) 

This process was studied in [307-309]. It turns out that the cross-section has 
the following angular dependence (we assume that two alike hadrons are pro- 
duced, omit the flavour indices and refer to Fig. 65 for the kinematical vari- 
ables) 

oc(l + cos2 ^2) ^(^1)^(^2) 



d cos 02 d0i 

+ C sin^ 02 cos(20i) H^^^\zi)Ht^^\z2) , (9.3.2) 

where C is a constant containing the electroweak couplings. 

Thus, the analysis of cos(2(5!)i) asymmetries in the process (9.3.1) can shed 
light on the ratio between unpolarised and Collins fragmentation functions. 
Efremov and collaborators [310-312] have carried out such a study using the 
DELPHI data on hadronic decays. Under the assumption that all pro- 
duced particles are pions and that fragmentation functions have a Gaussian 
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Fig. 65. Kinematics of two-hadron production in e'^e annihilation. 
kt dependence, they find 



where the average is over fiavours and the kinematical range covered by 
data. The result (9.3.3) is an indication of a non-zero fragmentation func- 
tion of transversely polarised quarks into unpolarised hadrons. The authors 
of [310-312] argue that a more careful study of the 62 dependence of the exper- 
imentally measured cross-section could increase the value (9.3.3) up to ~ 10%. 
An analysing power of this order of magnitude would make the possibility of 
observing the Collins effect in the future experiments rather tangible. 




(9.3.3) 
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10 Experimental perspectives 

In this section, which completes the bulk of our report, we outline the 
present experimental situation and the future prospects. The study of transver- 
sity distributions is a more-or-less important fraction of the physics program 
of many ongoing and forthcoming experiments in various laboratories (DESY, 
CERN and Brookhavcn). An overview of the experimental state of the field 
can be found in the Proceedings of the RIKEN-BNL Workshop on "Future 
Transversity Measurements" [313]. 

10.1 iN experiments 

10.1.1 HERMES 

The HERMES experiment uses the HERA 27.5 GeV positron (or elec- 
tron) beam incident on a longitudinally polarised H or D gas-jet target. The 
hydrogen polarisation is approximately 85%. Running since 1995, HERMES 
has already provided a large amount of data on polarised inclusive and semi- 
inclusive DIS. We have discussed (see Sec. 9.2.2) their (preliminary) result 
of main concern in this report, that is the observation of a relatively large 
azimuthal spin asymmetry in semi-inclusive DIS on a longitudinally polarised 
proton target, which may involve the transversity distributions via the Collins 
effect (as we have noted, similar findings have been reported by the SMC at 
CERN). 

HERMES plans to continue data taking in the period 2001-2006, after the 
HERA luminosity upgrade (which should increase the average luminosity by 
a factor 3). Two of the foreseen five years of running should be dedicated to a 
transversely polarised target with an expected statistics of 7-10^ reconstructed 
DIS events. The foreseen target polarisation is ~ 75%. The transverse polari- 
sation program at HERMES includes [314] (besides the extraction of the spin 
structure function g2): i) a measurement of the twist-three azimuthal asym- 
metry in semi-inclusive pion production with a longitudinally polarised lepton 
beam; ii) the study of the Collins effect in the scattering of an unpolarised 
lepton beam off a transversely polarised target; and in) a measurement of the 
transverse asymmetry in leptoproduction of two correlated mesons. 

According to the estimates presented in [314,315], HERMES should be 
able to determine both the transversity distributions and the Collins frag- 
mentation function (at least for the dominant u flavour) with good statistical 
accuracy. 

10.1.2 COMPASS 

COMPASS is a new flxed target experiment at CERN [25], with two 
main programs: the "muon program" and the "hadron program". The for- 
mer (which upgrades SMC) aims to study the nucleon spin structure with a 
high-energy muon beam. COMPASS uses polarised muons of 100-200 GeV, 
scattering off polarised proton and deuteron targets. Expected polarisations 
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are 90% and 50% for the proton and the deuteron, respectively. The trans- 
verse polarisation physics program is similar to that of HERMES, but covers 
different kinematical regions. In particular, single-spin asymmetries in hadron 
leptoproduction will be measured. These will provide the transversity distri- 
butions via the Collins effect. According to an estimate presented in [25] A^? 
should be determined with a --^ 10% accuracy in the intermediate-x region. 
Data taking by COMPASS started in 2001. 

10.1.3 ELFE 

ELFE (Electron Laboratory for Europe) is a continuous electron-beam 
facility, which has been discussed since the early nineties. The latest proposal 
is for construction at CERN by exploiting the cavities and other components 
of LEP not required for LHC [316]. The maximum energy of the electron beam 
would be 25 GeV. The very high luminosity (about three orders of magnitude 
higher than HERMES and COMPASS) would allow accurate measurements of 
semi-inclusive asymmetries with transversely polarised targets. In particular, 
polarimetry in the final state should reach a good degree of precision (a month 
of running time, with a luminosity of 10^^cm~^s~^, allows the accumulation 
of about 10^ A's with transverse momentum greater than 1 GeV/c. 

10.1.4 TESLA-N 

The TESLA-N project [317] is based on the idea of using one of the arms 
of the e+e^ collider TESLA to produce collisions of longitudinally polarised 
electrons on a fixed proton or deuteron target, which may be either longi- 
tudinally or transversely polarised. The basic parameters are: electron beam 
energy 250 GeV, an integrated luminosity of 100 fb~^ per year, a target polar- 
isation ~ 80% for protons, ~ 30% for deuterium. The transversity program 
includes the measurement of single-spin azimuthal asymmetries and two-pion 
correlations [314]. The proposers of the project have estimated the statistical 
accuracy in the extraction of the transversity distributions via the Collins ef- 
fect and found vahies comparable to the existing determinations of the helicity 
distributions. They have also shown that the expected statistical accuracy in 
the measurement of two-meson correlations is encouraging if the interference 
fragmentation function is not much smaller that its upper bound. 

10.2 pp experiments 

10.2.1 RHIC 

The Relativistic Heavy Ion Collider (RHIC, Fig. 66) at the Brookhaven 
National Laboratory operates with gold ions and protons. With the addition 
of Siberian snakes and spin rotators, there will be the possibility of accelerat- 
ing intense polarised proton beams up to energies of 250 GeV per beam. The 
spin-physics program at RHIC will study reactions involving two polarised 
proton beams with both longitudinal and transverse spin orientations, at an 
average centre-of-mass energy of 500 GeV (for an overview of spin physics at 
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Polarized Proton Collisions at BNL 




OPPIS: 

500 |iA, 300 i^s, 7.5 Hz 



Fig. 66. An overview of RHIC. 

RHIC see [22]). The expected luminosity is up to ~ 2-10^'^ cm"^ ^^^^ ^q^^ 
beam polarisation. Two detectors will be in operation: STAR (see, e.g., [279]) 
and PHENIX (see, e.g., [278]). The former is a general purpose detector with 
a large solid angle; the latter is a dedicated detector mainly for leptons and 
photons. Data taking with polarised protons will start in 2001. The most in- 
teresting process involving transversity distributions to be studied at RHIC is 
Drell-Yan lepton pair production mediated by 7* or Z^. As seen in Sec. 9.1, 
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the expected double-spin asymmetry Af^ is just few percent but may be vis- 
ible experimentally, provided the transversity distributions are not too small. 
Single-spin Drell~Yan measurements could be a good testing ground for the ex- 
istence of transversity in unpolarised hadrons arising from T-odd initial-state 
interaction effects [47]. 



178 



11 Conclusions 



The transverse polarisation of quarks represents an important piece of 
information on the internal structure and dynamics of hadrons. In the previous 
sections we have tried to substantiate this statement reviewing the current 
state of knowledge. In conclusion, let us try to summarise what we have learned 

so far about transversity. 

• The transverse polarisation (or transversity) distributions Aj^g are chirally- 
odd leading-twist quantities that do not appear in fully inclusive DIS, but 
do appear in semi-inclusive DIS processes and in various hadron-initiated 

reactions. 

• The QCD evolution of At{x, Q"^) is known up to NLO, and turns out to be 
different from the evolution of the helicity counterpart. 

• Many models (and other non-perturbative tools) have been used to calculate 
the transversity distributions in the nucleon. These computations show that, 
at least for the dominant u sector, at low momentum scales A^Q' is not so 
different from Ag. 

• The phenomenology of transversity is very rich. It includes transversely 
polarised Drell-Yan processes, leptoproduction of polarised baryons and 
mesons, correlated meson production and, via the Collins effect, lepto- and 
hadro-production of pions. 

• Only two preliminary results, that may have something to do with transver- 
sity, are currently available. The HERMES and SMC collaborations have 
found non-vanishing azimuthal asymmetries in pion leptoproduction, which 
may be explained in terms of transverse polarisation distributions coupling 
to a T-odd fragmentation function (Collins effect). However, no definite 
conclusion on the physical explanation of these findings is possible as yet. 

The intense theoretical effort developed over the last decade must now 
be put to fruition by a vigorous experimental study of transversity. Many 
collaborations around the world (at Brookhaven, DESY and CERN) aim at 
measuring quark transverse polarisation in the nucleon. This is certainly a 
complex task since the foreseen values of some of the relevant observables are 
close to the sensitivity limits of the experiments. Nevertheless, the variety and 
accuracy of the measurements planned for the coming years permit a certain 
confidence that the veil of ignorance surrounding quark transversity will at 
last begin to dissolve. 
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A Sudakov decomposition of vectors 

We introduce two light-like vectors (the Sudakov vectors) 

p'^^-^ (A, 0,0, A), (A.la) 
n^ = ^iA-\0,0,-A-'), (A.lb) 

where A is arbitrary. These vectors satisfy 

p2 ^ = n^ p-n=l, n+ = = p- . (A.2) 

In light-cone components they read 

p'^ = (A,0,O^), (A.3a) 
= (0, A-\ Ox) . (A.3b) 

A generic vector can be parametrised as (a Sudakov decomposition) 

A''^ap'' + Pn'' + A'i 

^A-np" + A-pn^' + A'i, (A.4) 

with Aj_ = (0, A±, 0). The modulus squared of A'^ is 

A^ = 2aP - A\ . (A.5) 

B Reference frames 

B.l The ^* N coUinear jrames 

In DIS processes, we call the frames where the virtual photon and the 
target nucleon move coUinearly "7*A'^ colhnear frames". If the motion takes 
place along the ^-axis, we can represent the nucleon momentum P and the 
photon momentum q in terms of the Sudakov vectors p and n as 

p/^^p/^ + iMV -p'^, (B.l) 
q^^P-qn" -xp" ^ Mun" -xp" , (B.2) 

where the approximate equality sign indicates that we are neglecting with 
respect to large scales such as Q^, or (P"*")^ in the infinite momentum frame. 
Conventionally we always take the nucleon to be directed in the positive z 
direction. 

With the identification (B.l) the parameter A appearing in the definition 
of the Sudakov vectors (A.la, b) coincides with P+ and fixes the specific frame. 
In particular: 
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• in the target rest frame (TRF) one has 

P'' = (M, 0,0,0), (B.3) 

and A = P+ = M/-\/2. The Bjorken hmit in this frame corresponds to 
q~ = y^u oo with g+ = —Mx/ \pl fixed. 

• in the infinite momentum frame (IMF) the momenta are 

P'^~-^(P+,0,0,P+), (B.5) 

1 (Mv . Mu ,\ , , 

72\'P^~ ' °' °' ~ P^ ~ ) ' ^ 

Here we have P~ and A = P"*" — >^ oo. In this frame the vector n'^ is 

suppressed by a factor of (1/P+)^ with respect to p^^. 

By means of the Sudakov vectors we can construct the perpendicular 
metric tensor g^^ which projects onto the plane perpendicular to p and n, and 
to P and q (modulo M^/Q^ terms) 

= - (p'^n" + p'n") . (B.7) 

Transverse vectors in the 7*A^ frame (or "perpendicular" vectors) will be de- 
noted by a ± subscript. Another projector onto the transverse plane is 

£f = e'^^'^^Ppn, . (B.8) 

Consider now the spin vector of the nucleon. It may be written as 

where X% + S']_ < 1 (the equality sign applies to pure states) . The transverse 
spin vector Sj^ is of order C(l), thus it is suppressed by one power of P"*" with 
respect to longitudinal spin S'|j' = XnP^/M. 

Finally, in semi-inclusive DIS the momentum P/j of the produced hadron 
h may be parametrised in the 7*A^ coUinear frame as 

~ zq" + xzP" + Pll^ , (B.IO) 

where 

B.2 The hN collinear frames 

In polarised semi-inclusive DIS it is often convenient to work in a frame 
where the target nucleon N and the produced hadron h are collinear (a "hN 
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coUinear frame"). In the family of such frames the momenta of N and h are 
parametrised, in terms of two Sudakov vectors p' and n', as 

pM = p'^ + ^n'^~p'^, (B.12) 

Pj^ r^Mh^p'>^^9lln'^ n'" . (B.13) 

The projectors onto the transverse plane (vectors lying in this plane will be 
denoted by the subscript T) are 

g^- = g^- - (p'^^n'" + p'^n"") , (B.14) 
^'^^eA^-PVpnV. (B.15) 

In hN coUinear frames the photon acquires a transverse momentum 

g/^ = -xp'^ + 9ln"' + q!^. (B.16) 
2x 

Comparing this to the Sudakov decomposition (B.IO) of the momentum of the 
produced hadron, we obtain 

PL^-zq^. (B.17) 

The spin vector of h is 

- ^Ji: + Sjlr . (B.18) 

The relation between transverse vectors in the 7*A^ frame (±-vectors) 
and transverse vectors in the hN frame (T-vectors) is 



_ _ ^ 



a-QT + a-P qi^ . (B.19) 



Therefore, if we neglect order 1/Q corrections, that is if we ignore higher- 
twist effects, we can identify transverse vectors in 7*A'' coUinear frames with 
transverse vectors in hN coUinear frames (in other terms, we have g'^ ~ g^f 
and £f ~ £f ). 
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C Mellin moment identities 



We first recall here the definition of the so-called plus regularisation, 
necessary for the IR singularities present in the AP splitting kernels: 



/ dx— 
Jo 1 



X) 







x) 



(C.l) 



A convenient identity regarding the above plus symbol is: 



^1 x"'~^ 
Jo ^"(1^ 



+ 







fo { 


[{l-x)\ 





-S{l-x)j:]\f{x), (C.2) 



J 



This allows, for example, the following particularly compact expression for the 
usual qq AP splitting kernels: 



1 + x^ 
1-x 



(C.3) 
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